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PREFACE. 


The present treatise was undertaken to supply a book for the 
course of instruction of the Junior Mathematical Class of Natural 
Philosophy in University College, London. Although there was 
no scarcity of treatises within nearly the same limits as the present, 
yet the author had to regret that the students who went forward 
into his Senior Mathematical Class had t'o re-leam the subject in 
an entirely different manner ; so that their previous reading of it 
was in a great measure lost to them. 

It has been the author’s wish to supply a work which, whilst it 
presented to the less advanced student the more modem method 
of treating Mechanics, and taught him a general analytical method 
of solving the new problems he met with, as far as his mathematical 
attainments would reach, should at the same time be an advanta- 
geous foundation on which the superstructure of a more advanced 
study-might be reared. 

Some experience in Professorial teaching leads the author to 
believe that he has succeeded to some extent in the object which 
he had in view; and he concludes that the book which will supply 
a desideratum in the Natural Philosophy course in his own lectures 
will be also acceptable to other teachers similarly situated. 
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ELEMENTARY MECHANICS. 


INTRODUCTION. 

Mechanical Science is that in which the laws of forces, and 
the effects they produce on bodies, are investigated. 

It is subdivided into four Sciences — Statics, Dynamics, 
Hydrostatics, and Hydrodynamics. 

In Statics the effects of forces on solid bodies at rest are 
examined. 

In Dynamics the effects when motion is produced. 

In Hydrostatics the effects of forces on fluid bodies at rest 
are considered. 

In Hydrodynamics the effects on fluid bodies when motion 
ensues. 

In the present treatise, Elementary Statics and Dynamics 
only are treated of. 

The mass of a body is the quantity of matter which it con- 
tains , and matter is defined to be whatever possesses bulk and 
affords resistance to the occupation of the same portion of space 
by other matter. 

Wc arc ignorant of the ultimate nature of matter, but we 
know that dense matter consists of atoms*, which have each their' 

* Sec Dr. Daubcny on the Atomic Theory. 


B 



2 INTRODUCTION. 

peculiar masses constant and unchangeable by any mechanical 
or chemical means within our reach. 

The term subtile matter has been applied to the agents which 
cause the phenomena of electricity, heat, &c. - ■ 

Though evidently closely connected with the development of 
forces, we as yet only know some of the properties and laws 
of the effects of these agents upon dense matter. Whenever 
the term matter is used in Mechanics, it . is understood to mean 
what is called above dense matter. The quantity of matter in a 
body is measured by its inaptitude to receive motion (inertia) 
when acted on by a given force; and is proportional to the 
weight at the same place on the Earth’s surface.' So that a 
body of two, three, &c. pounds weight contains twice, thrice, &c. 
respectively the matter that a body of one pound does. 

We define force to be whatever causes or tends to cause 
motion, or change of motion, in bodies. We see force acting 
continually around us, and developed by various means, though 
we cannot trace it to its ultimate origin. We measure forces 
by their effects; and in Statics they are often called pressures : 
being compared with the pressures produced by known weights, 
they can thus be expressed numerically. We speak, for in- 
stance, of a pressure of twelve ounces, of thirty pounds, of two 
tons, & c. when the unit of measure is an ounce, a pound, or a 
ton respectively. 

• 

In Dynamics, forces are measured in two different manners, 
according to the nature of the problem, — namely, in some cases 
by the velocity generated in a unit of time, and in other cases 
by the momentum (or velocity multiplied into the mass of the 
body moved) generated in a unit of time. 

In Statics, we continually represent forces by lines of definite 
lengths. A unit of .length being taken to represent the unit 
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of pressure, the length of the line represents the magnitude of 
the force ; its direction represents the direction of the force ; and 
the commencement or first extreme of the line, the point at 
which the force acts, or its point of application. Lines which 
are parallel are said to have the same direction. 

In order that a statical force may be known, its magnitude, 
direction, and point of application must be given. 

The weight of bodies, being their gravitation vertically down- 
wards, arises from the attraction of the Earth upon them, ac- 
cording to the laws of universal grant at ion. These laws we 
shall have to consider in the science of Dynamics. 

In statical problems we frequently have other forces arising 
from the effects of* the original forces, which have to be consi- 
dered in the same manner, — as the tension in cords, and the 
reaction in rods. Unless the contrary is stated, the cord is sup- 
posed without weight, perfectly flexible, and to pass perfectly 
freely round any object which changes its direction : the force 
applied at one extremity must then be transmitted without loss 
along the whole length of the cord, or the tension in the cord is 
the same in every part. Unless the contrary is stated, the rods 
are supposed to be inflexible and without weight ; so that a 
straight rod transmits a force applied at one extremity in the 
direction of its length, to the other extremity unchanged : thus 
the reaction of the rod equals the original force, and may be 
supposed to act at any point in it. 

In other statical problems there arise forces of a different 
nature to the original forces, and which ‘therefore have to be 
considered differently, — as the friction, which arises from the 
roughness of the surfaces of bodies in contact, and the adhesion, 
which arises when one of the surfaces, at least, is of an adhesive 
nature. The laws of friction have been ascertained, and will be 
treated of in a distinct chapter. The properties of adhesive sur- 

n 2 
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faces are of less theoretical importance, and are seldom discussed 
in treatises on Mechanics. - 

By a particle of a body, we mean a portion of it whose di- 
mensions are smaller than any possible means of measurement. 

By a rigid body, we mean one in which the relative positions 
of its particles remain unchanged. 

In some statical problems the properties of flexible and 
elastic bodies have to be considered. In these the relative posi- 
tions of the particles change by the action of the forces. 


STATICS. 


CHAPTER I. 


ON FORCES WHTCH ACT AT THE SAME POINT. 


1. A force acting at any point is balanced by an equal force 
acting at the same point in an opposite direction. It is clear 
that this must he true ; for whatever tendency to motion the 
point might receive from one of the forces, it would receive an 
equal and opposite tendency from the other ; and these would 
neutralize each other. 


2. If two forces be in equilibrium at a pointy they must be 
equal in magnitude and opposite in direction. If possible, let 
the forces P and O', acting in the 
directions of the arrows, as in the 
figure, keep the point A at rest. 

Let Q he a force equal and oppo- Q 
site to P ; P and Q will balance, and therefore Q produces the 
same tendency to motion that O', a different force, does, which is 
absurd. 



Definition. The resultant of two or more forces is the 
single force which produces the same mechanical effect as the 
forces themselves, which are called the component forces. 

3. When any number of forces act at a point in the same 
straight line, the resultant equals the algebraic sum of the com- 
ponent forces. 

First, let all the forces act in the same direction, as in the 
figure. Let the line AB A B c D Pj P , Pj 

represent the force P v \ * 1 1 — ^ 

If the point B be rigidly 

connected with A, wc may suppose the force P 2 to act at B, and 
it will produce the same effect as if it acted directly at A. Let 
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B C represent the magnitude of P s . The line A C represents 
a force equivalent to P x and P 2 acting at A ■ or, their resultant 
equals their sum. If we had a third force, represented by 
C D, we should have the resultant of P v P 2 , and P s , a force 
represented by AD, their sum as before; and so onwards for 
any number of forces. 

When some of the forces act in the contrary direction, we 
must take the lines which represent their magnitudes on the 
contrary side of A, and subtract them from the sum of the other 
forces. Let P be repre- - A b , B 

sented by the line A B, p' 1 i 1 >- 

and P’, a force acting in p 

the opposite direction, by Ab; we may. suppose P' to act at B, 
and measuring B V equal to A b, we have Ah', a line representing 
the resultant of P and P'. So that, having taken the sum of 
the forces acting in one direction and the sum of those acting 
in the contrary direction, the difference of these sums is the re- 
sultant force, and it acts in the direction of the forces which 
form the larger sum. This is equivalent to calling the forces in 
one direction positive, and those in the contrary direction nega- 
tive ; and then their algebraic sum gives the magnitude of the 
resultant, and its sign determines its direction. When the 
resultant = 0, the forces balance; and the condition of equili- 
brium of forces acting in the same straight line is, that their 
algebraic sum =0. 

Hence wc may add- equal and opposite forces at any point 
without affecting a system of statical forces; this is called the 
superjiosition of equilibrium. In the same way we may remove 
from any point in a system those forces which are equal and 
opposite. In finding the resultant of given forces, wc are said 
to compound them ; and when we find the components of a given 
force, we are said to resolve it into its components. 

THE PARALLELOGRAM OF FORCES. 

4. Prop. When two forces act at' a point, if the parallelogram 
upon the lines representing them be completed, the diagonal from 
that point represents their resultant in magnitude and direction. 

First, to prove that the diagonal is the direction of the result- 
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ant. If the forces are equal, as P, P in the 
figure, this is evidently true; for no reason 
can he assigned why it should incline more 
to one force than the other, and the diagonal 
bisects the angle A in which the forces meet. 

Let us assume that this holds good for 
forces p and q, and p and r, we show that it 
must also he true for a force p and a force 
q + r. 


A 



Let p and q act at A , 
as in the figure, in the 
directions A D and A B, 
and be represented in 
magnitude by these lines 
respectively. We may 
consider the force r to be 
applied at B, a point in its direction ; let B C represent its 
magnitude. Complete the parallelogram ADFC, and draw B E 
parallel to A D. Draw the diagonals AE, AF, B F. 



Then, p at A in A D, and q at A in A B, are equivalent to 
a force in A E which we may suppose to act at the point E. 
Resolving it again, parallel to the original directions, we have a 
foi'ce p acting at E, in the direction B E, and a force q acting at 
E in E F. We may suppose them to act at the points- B and F 
in their directions ; hut p at B in B E, and r at B in B C, are 
equivalent to a force in B F. Therefore we may suppose all the 
forces to act at the point F, parallel to their original directions, 
and F must he a point in their resultant ; or force p at A in 
AD, and forces q and r in A C, have their resultant in the direc- 
tion of the diagonal A F. 

Now, our assumption is true when q and r are each equal to 
p, therefore the proposition for the direction of the resultant is 
true for forces p and 2 p: again, putting q=2p, r=p, it is 
true for forces p and dp, and so for p and tip ; also, putting vp 
for p, and q —p, r — p, it is true for np and 2p, and so onwards 
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for all commensurable forces. We 
see also in the annexed figure, . 
that the resultant lies nearer to 
the greater than the weaker force y 
and if one of the two forces he increased, the resultant lies still 
nearer to the increased force. 

When the forces are incommensurable, the proposition still 
holds good. Let the lines A B, AC A B 

represent the incommensurable forces : 
complete the parallelogram, and draw 
the diagonal AD ; then AD represents 
the direction of the resultant. If not^ 
let some other line, as A B , be its di- 
rection. Takev a quantity which di- 
vides A B without remainder, and being 
applied to A C, leaves a remainder G C 
less than E D. Complete the parallelogram ABFG, and draw 
the diagonal A F. Now A B, A G represent commensurable 
forces, and therefore their resultant is in the direction A F; but 
A E, the resultant of A B and greater force A C, is nearer A B 
than the resultant of A B and the less force A G, which is impos- 
sible. Similarly it can be proved that no other direction than 
A D can be that of the resultant. 




Secondly. To prove that the diagonal of the parallelogram 
represents the magni- 
tude of the resultant 
also, when the sides 
respectively represent 
the component forces. 

Let P, Q, R, acting in 
the directions of the 
arrows, as in the figure, 
keep the point A at 
rest. Let the lines AD } AB, AF represent respectively the 
forces. Complete the parallelograms A C, AE, and draw the 
diagonals. The resultant of any two of the forces must be 
equal in magnitude, and opposite in direction, to the third 
force, since there is equilibrium : therefore CAF, BAE .arc 
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straight lines. AE is parallel to CZ), and A C is parallel to 
D E •, and ACDE is a parallelogram, of which the side A C is 
equal to the side D E. But D E by construction is equal to 
AF-, therefore, A D and A B representing the forces P and Q, 
A C represents a force equal in magnitude to the third force R, 
and opposite in direction, and thus represents the resultant of 
P and Q in magnitude as well as direction. 

5. Prop. If three forces acting at a point keep it in equili- 
brium, and a triangle be formed by three lines drawn in their di- 
rections, the sides of the triangle, taken in order, ivill represent the 
forces. Conversely, if three forces which act at a point be repre- 
sented by the sides of a triangle, taken in order, they will be in 
equilibrium. This proposition is called the triangle of forces. 

If the three forces, P, Q, R, in equilibrium, act at the 
point A, as in the figure, 
the triangle ABC, which 
is half the parallelogram 
formed on the lines re- 
presenting P and Q, will 
have its side BA repre- 
seating the force R, by 11 
taking the sides in order, 
as shown by the direction 
of the arrows ; for A B, when taken in the opposite direction, 
represents the resultant of P and Q. . 

Conversely, If the three foreeB were represented by the sides 
of the triangle ABC taken in order, we might form a parallelo- 
gram with any one of the sides, 
as DC, for its diagonal, and 
the resultant of the other two 
forces, represented by CA and 
CD (or A B), would be repre- 
sented by this, diagonal taken in the opposite direction, which 
would make equilibrium with the third force. 

' By means of this proposition we can resolve a given force into 
two other's which are equivalent to it, in any given directions. 
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6. Prop. If three forces acting at a point are in equilibrium 
they are proportional each to the sine of the angle contained 
betioeen the other two . 

In the figure the sides, of the 
triangle ABC represent the forces 
P, Q, R, respectively; or, 

1 :Q:R::A C : C B:B A 

::smABC:smBAC:smACB 
:: slnBAQ : sin BAC : sin PAQ 
:: smQAR : smPAR: sin PAQ 

Since the sines of the angles equal 

the sines of their supplements. 

7. Prop. If P and Q be two forces which act at a point, the 
angle between their directions being 6, then if R equals their re- 

■ sultant, roe have R 2 =P 2 + Q 2 + 2 . P . Q cosine 6. 

By trigonometry we have in triangle ABC, art. 6, 

A B 2 =A CP+B CP-2A C. B C. cos ACB 
and cos ACB— — cosj BCP= — cost?. 

.'.i? 2 =P a +Q 2 + 2PQcos0. 

8. Prop. If three forces acting at a point in different planes 
be represented in direction and magnitude by the three edges of 
a parallelopipcd, then the diagonal will represent their resultant 
in direction and magnitude; and reciprocally, if the diagonal re- 
presents a force, it is equivalent to three forces represented by the 
edges of the parallelepiped. 

Let the three edges AB, AC, AB of the parallelopipcd in 
the figure represent the three 
forces. Then A E, the diagonal 
of the face ACED, represents 
the resultant of the forces A C 
and A D. Compounding this with A 
the third force represented by AB, 
we have A F, the diagonal of the 
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parallelogram AEFB, representing the resultant of A E and A B, 
or of the forces AC, AD, AB. . 


Reciprocally, the force AF is equivalent to the components 
AB, AE, or to the component forces, AB, AC, and A D. 


9. Prop. If any number of forces are represented in direc- 
tion and- magnitude by the sides of a polygon taken in order, they 
will, when applied at one point, produce equilibrium. 



Let P, he represented by A B. 


the parallel line B C. 

CD. 
DE. 
EA. 


Or, let the forces be represented in magnitude and direction by 
the sides of the polygon ABODE, taken in order. If we com- 
plete the parallelograms A C, A D, A E, and draw the diagonals 
AC, AD, we see that A C represents the resultant of forces P, 
and P t ; compounding this resultant with the force P 3 , we see 
that A D represents their resultant, or the resultant of P u P 2 , 
and P 3 ; compounding y this last resultant with the force P v we 
see that their resultant is represented by the line A E, acting in 
the direction from A to E, which would consequently balance 
the last force Pg, represented by the last side E A of the poly- 
gon, and acting in the direction from E to A. It will be seen 
from the proof that it is not necessary the forces should lie all in 
one plane. 

This proposition is called the polygon of forces. 
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When three forces act in equilibrium at a noint, any three 
lines; taken parallel to their directions will form a triangle, the 
sides of which respectively will represent the forces; bnt when 
there are four or more forces, this will not hold, because the 
relation which subsists between the sides and angles of triangles 
does hot hold in four-sided figures or polygons. ~ • 

For instance, in the figures, if CB and c b be parallel, and 
also F G and 
fg, the triangles 
ABC, Abe , being 
similar and si- 
milarly situated, - 
the sides being 
respectively proportional, would represent the same three forces ; 
but, although the sides of the polygon IJJEFGII might repre- 
sent a system of five forces in direction and magnitude, yet they 
could not be represented by the sides of the polygon DEfgH in 
magnitude also. 

10. When any number of given forces act at given points in 
a plane, we may find, graphically, the magnitude and direction 
of the resultant of the system. 

Let P v Pa, P 3 , in the figure, have their points of application 
A, B, C. Producing the directions 
of the forces P r and P 2 > until they 
meet at a point a, we form the 
parallelogram ab upon the lines re- 
presenting them, and the diagonal 
is their resultant R x in the figure. 

Producing R v until it meets at c 
the direction of the force P 3 , and 
drawing the parallelogram cd on 
the lines representing R\ and Pg, 
we have the ‘ diagonal representing P 2 their resultant, or the 
resultant of P v P 2 , ami P 3 . By pursuing the same method we 
may find the resultant for any number of forces. 

Definition. The moment of force about any point is 
the product of the force into the perpendicular let fall from the 


C 
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point upon the direction of the force. The moment, as we shall 
see in the nest chapter, measures the tendency of the force to 
produce rotator} 7 motion about the fixed point. 

11. Prop. The moment of the resultant about any point in 
the plane of the forces equals the sum of the moments of the 
forces. 

Let the forces P and Q, act- A 
ing at A, be represented by the 
lines AB, AC, and their result- 
ant R by AD, the diagonal of 
the parallelogram drawn upon 0 
AB, AC. Let O be the point 
about which the moments are 
taken j join 0 A, and draw AEFG 
perpendicular to 0 A ; draw 01, Om, On, respectively perpendi- 
cular to AB, AC, AD ; and BE, CF, D G, perpendiculars to 
AEFG ; and C H parallel to that line. 

Now the triangles 01 A, OmA, On A are respectively similar 
to the triangles AEB, AFC, AGD. 


Whence 

AE 01 

AB OA ° r 

AB.Ol 

AE OA > 


AF Om 

' AC. Om 


AC 0 A ° r 

OA ’ 


AG On 

. — r»v* 

AD. On 


AD OA 

OA ’ 

but 

AE= CH= FG, 

AF+AE = AG; 

or 

AB.Ol+AC. 

Om = AD . On; 

or 

P.Ol+Q.Om = R. On. 


Or the sum of the moments of the components equal the mo- 
ment of the resultant about any point in their plane, or about 
an axis perpendicular to their plane. 

If the point 0 fell within the angle formed by the forces, we 
should have the moment of one of the forces tending to cause ro- 
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tation in the opposite 
direction to the other, 
and it must then be 
considered as negative 
if the other were po- 
sitive, and the alge- 
braic sum of the mo- 
ments of the compo- 
nents still equals that 
of the resultant. In the annexed figure we have the proof the 
same as before, except that A G = A F — A E, 
and AC.Om — AB.Ol — AD .On, 

or Q.Om — P.Ol = R. On. 



By compounding R with another force acting at A, we should 
obtain a like result : or the moment of the resultant of three 
forces acting at A equals the algebraic sum of the moments of 
the forces. The proposition may, in the same manner, be ex- 
tended to any number of forces acting at a point. 


EXAMPLES. . , 

1. Show that if 6 be the angle between two forces of given 
magnitudes, their resultant is the greatest when 6 = 0, least 
when 6 = 7 T, and intermediate for intermediate values of 6. If 
the component forces be P and Q, what is the magnitude of the 
resultant when 6 = 0, and also when 6 = nr ? Ans. (P + Q) 
and{P-Q). 

2. If two equal forces (P) meet at an angle of 60°, show that 
their resultant = Py'3. 

3. If two equal forces meet at an angle of 135°, show -that 
their resultant =P (2 — */2) i . 

4. If three forces, whose magnitudes are 3m, 4m, and 5m, act _ 

at one point and arc in equilibrium, bIiow that the forces 3m 
and 4m are at right angles to each other. - 
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5. If two equal forces afe inclined to each other at an angle 
of 120°, show that their resultant is equal to either of them. 

6. If the magnitudes of two forces are 6 and 11, and the 
angle between their directions 30°, show that the magnitude of 
their resultant is 16-47 nearly. 

7. Show that, in the last question, the resultant makes with 
the force 6 the angle whose sine is -3339, and with the force 11 
the angle whose sine is -1821, which are the sines of 19° 3(7 and 
10° SO 1 nearly. 

8. Apply the proof of the polygon of forces to the case of five 
equal forces represented by the sides of a regular pentagon taken 
in order. 


9. Enunciate all the propositions requisite to prove that the 
resultant is in every respect mechanically equivalent to the com- 
ponent forces. 


10. A cord PAQ is tied round a pin at the fixed point A, 

and its two ends are drawn in different directions by the forces 

P and Q : show that the angle between, these directions is found 

a. • a 3 (P* + Q 2 ) — 2 PQ , 

from the expression cos 0= - „ when the 


8 PQ 


pressure on the pin is equal to 


P+Q 
2 • 


11. A cord whose length is 2 1 is tied at the points A and B 
in the same horizontal line, whose distance is 2a: a smooth 
ring upon the cord sustains a weight w : show that the force of 


tension in the cord = 


w 



CHAPTER II. 

ON FORCES WHOSE DIRECTIONS ARE PARALLEL. 

Though the propositions in the last chapter mil not apply at 
once to forces acting at different points, of which the directions 
are parallel, yet we can reduce the proof of the method of find- 
ing their resultant to that, of two forces acting at one point in 
different directions. 

12. Prop. If two parallel forces P and Q act at points A 
arid B respectively, then their residtant equals their algebraic 
sum in magnitude, and acts at a point C in the same straight 
line with A and B, such that Px.AC-Qx.BC. 

Let the forces P 
and Q act as in the 
figures at A and B ; 
at these points apply 
equal and opposite 
forces. Sat A and S' 
at B ; they will not 
affect the system. P 
and S at A will have 
a resultant in 
' the direction 
DA; Q and 
Si at B will 
have a result- 
ant in the di- s <- 
• rcction D B ; Az 

and in the 
lower figure, 
where the 

forces act in opposite directions, we suppose Q greater than P, 
so that the resultant of Q and 8 will lie nearer Q than the re- 
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sultant of P and S does to P; and therefore the directions of 
the resultants will meet at some point, as D, in both figures. 
We may suppose the whole of the forces to act at the point D. 
Resolving the forces parallel to the original directions, we shall 
have forces S and S 1 parallel to AB, which will destroy each 
other ; and forces P and Q acting parallel to their original direc- 
tions, giving a resultant R—P+Q in the upper figure, and 
R=Q—P in the lower figure. To find the point C in the line 
AB, or AB produced, where R acts, we have, 
from triangle ACD, P : S :: C D : A C, 
from triangle BCD, S ' : Q :: B C : C D. 

Compounding these ratios, we have 

P:Q::BC:AC, 

or P xA C= QxB C. 

13.. If AB be perpendi- 
cular to the direction of the 
forces, A C and B C are called 
the arms of the forces, and 
the products P.AC, Q.BC 
are the moments of the forces, 
about the point C. If the 
forces are inclined at an an- 
gle a to A B, which is angle 
PAC or QBC in the figure, then the perpendicular line MCN 
being drawn through C on the lines of action of the' forces, we 
have CM— A C. sin a, and CN—B C . sin a, and the moments 
are P x CM and Q x CN, or P . A C . sin « and Q.BC. sin a. 

14. If C be a fixed point, its resistance will destroy the 
effect of the resultant force ; so that P and Q will be in equili- 
brium about such a point, when their moments, tending to cause 
rotation opposite ways about it, are equal to each other. 

15. To find A C in terms of A B, we have 

P xA C= Q ( A B—A C) in the upper figure ; 

or A C— p - ^ - Q A B-, and similarly B C=-p~^AB, 

P x A C= Q (A C— A B) in the lower figure ; 


M 



and 


c 
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or A C= -~ - p AJB; and similarly BC—~~-^AB. 

The point C is determined in both eases; unless in the latter 
P— Q, when A (7= infinity ; but then the resultant P= Q— P= 0. 
This is a peculiar case, the effect of two equal and parallel 
forces which do not act at the same point being to produce 
rotatory motion only. Such forces constitute what is called a 
statical couple y and all tendency to rotatory motion can he re- 
ferred to forces forming such couples. If the forces are inclined 
at an angle u to A B, then P . AB . sin a is the moment of the 
couple. 


16. Pitor. To find the resultant of any number of parallel 
forces which act at any points in one plane. 


First, let the parallel' forces 
Pi, P 2 , P a , &c. . . . P„, have 
their points of application A, 

B, D, &c. and act towards the 
same part. Take any two lines, 

Ox, Oy, at right angles to each 
other ; join A B, and let C be 
the point of application of the 
resultant, R v of P, and P 2 . 

Then B l = Pj + P 2 , 
and P l xAC=P s ,x~BC. 

Draw the lines AF, B G, CH, OK parallel to Oy ; and Ac, 
Cb parallel to Ox. The triangles ACc, CBb are similar, and 

A C _B C 
Cc~ Bb’ 

Pj x Gc—P z xBb ; 

or P y x{CH-AF) = P s x{BG-CJPj 

(Pi + Pg) x CH=P X xAF+P^xB G-, 
or R i xCH—P x xAF+P^xBG. 



Taking another force, p» and compounding with i?j acting 
at C, we find the second resultant, Ra—Ri -f P 3 =P 1 + P 2 4--I > 3, 
and R 0 xE L—R x x C H+ P 3 x D K 

=P x xAF+P 2 xB G+P s xDK, 
and so onwards for any number of forces. 
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If we put AF=y v BG=y i> DK=y 5 , 8tc., 

0 F=x v 0 G=x v 0 K=x 33 Sec., 
or if x 1 y l , x^y v xyy^ Sec. . . . x n y n are the co-ordinates of 
the points A, B, D, See., the points of application of the n 
forces, the above formula becomes 

B i y.EL—F x .y v +P i .y i +P s .y s ‘, 
and if x, y were the co-ordinates of the point of application of 
R , the resultant of the n forces, we should have 

I?=Pj + P 2 + Pg+ &C. . . . +P n , 
and R.y=P 1 .y 1 +P 2 .y 2 +P a .y s + & c. . . . +P n .y n . 

If we had drawn lines parallel to 0 x, we should have found, 
in the same way, 

R.x=P 1 .x\ + Pa.x 2 +P 3 .x a +kc. . . . +P n .x n . 

These formula are often written more concisely by using 
the Greek letter 2 as the sign of summation ; and P being any 
one of the forces, x, y being the co-ordinates of its point of 
application, then 

P.S=2(P..*), 

P.y=S(P.y), 

P=2(P). 

The point whose co-ordinates -are x, y, is called the center of 
parallel forces. It depends on the magnitude of the forces and 
their points of application; but is independent of the angle 
which their direction makes with any given line. 

Secondly. When some of the forces act in opposite direc- 
tions, they must be taken negative; and so also, when the co- 
ordinates of the points of application are negative, they must he 
applied with their proper signs ; and then the above formulae 
will apply to all cases. 

If I? p the resultant of P y and 
P» as found in the previous case, 
be compounded with a force P a 
acting as in the figure at D, by 
joining C D, and producing it in 
the direction of the greater force, 
say P„ we have P 2 .the second 
resuItant=P 1> — P 3 ; and i£ being 
its point of application, 

R 1 xE C— P 3 xED. 



20 ELEMENTARY MECHANICS. 

, Drawing Ce, Ed parallel to Ox and meeting D K m d, 'EL 
produced in e, the triangles ECe, EDd are similar, and 

EC_DE 
. Ee~Dd’ 

R 1 xEe=P a xDd, 

or R^CH-EL) =1\(D K-EL), 

or (R } — P 3 ) . EL—R X x C H— P a x D K, 

or R^xE L=P 1 xAF+P^xB G—P s xDK; 

and so for any other forces act- 
ing in the opposite direction to 
Pj and Pv &c. 


Again. Let y v the ordinate 
of the point of application of 
Pv he negative —B G in figure; 
draw Ad, Cb parallel to O x, 

P{x AC—P^xCB, 
or Pj x Ca=P 2 x B b by similar 
triangles, 

B 

P x [AF—CFP) — PffdH+B (?) 

(Pj + P 2 ) CH= P x xA F- P 2 xBG, 

or R 1 .y=P ] y 1 — P^-y^, as we should have found by putting 
y z with its proper sign in the general formula, which thus ap- 
plies generally to all cases of parallel forces. . 

"When some of the forces are negative and others positive, 
we may haye the sum 2(P) =0, 

or ' - ■ R= 0, 

and the system of forces may be equivalent to a couple. 

17. Prop. The algebraic sum of the moments of any number 
of parallel forces which act in one plane about any point in the 
plane , equals the moment of their resultant about that point. 

Let Pj, Pq, P 3 be parallel forces acting at the points A, B, 
D respectively; R x and P 2 the resultants, as before; G the 
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pofnt about which 
the moments are 
taken, and called 
the center of mo- 
ments. 

Draw Gdef and 
Acb perpendicu- 
lars to the direc- 
tion of the forces 
in both figures. In 
the first figure both 
P, and P 2 will tend to 
cause rotation the same 
way round G ; but in the 
other figure they tend op- 
posite ways, and must 
therefore be taken with 
different signs. 

In the first figure, the 
sum of the moments of P x 
and P 2 about G=Pj x Gd+P 9 x Gf 
= PfGe-de) + P i (Ge+ef) 

~(P l + P^Ge-+P z x c b— P y A c 
=R 1 xGe+(P i xCB—PyXAC)cosBAb 
~R y x (?e=moment of the resultant about G, 
sine e PyX A C=P z x C B when C is the point of application of 
the resultant. 



since ci=e/, de=Ac 


In the second figure, the algebraic sum of the moments about G 
=P e x Gf—P x xGd 
— P Z {G e + ef) — Pfd e— G e) 

= (P, + P 2 ) G e+ P 2 x ef— Pj x d e 

=RyXGe . . . as before/ since P 2 x cf=P x X de. 

If we take another force, we find, in the same way, the 
moment of the second resultant, R^ equals the algebraic sum of 
the moments of Ry and P» or of P„ P«jj and P 3 , and so for any 
number of forces. 
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EXAMPLES. 

1. Two parallel forces acting in the same direction have 
their magnitudes 5 and 13, and their points of application 6 feet 
distant ; show that their resultant acts at a point 4^ feet from the 
point of application of the force 5, and 1§ feet from that of the 
force 13. "What is the magnitude of the resultant ? 

2. If the forces in the last question act in opposite directions, 
show that the point of application of their resultant is distant 
3| feet from the point of application of force 13, and 9| feet 
from that of force. 5. "What is the magnitude of the resultant ? 

3. If two parallel forces, P and Q, act- in the same direction 
at the points A and B, and make an angle 6 with the line A B, 
show that the moment of each of them about the point of appli- 

p Q 

cation of their resultant = -rA— 7 \ A B sin 6. 

4. If three forces which act at a point be represented in 
direction and magnitude by the sides of a triangle taken in 
order, they will make equilibrium ; show that if, instead of act- 
ing at one point, they each act in the line which is the side of 
the triangle representing it, they are equivalent to a statical 
couple. 

5. If three equal parallel forces act at the three angles of 
an equilateral triangle, show that their center, or, the point of appli- 
cation of their resultant, is in the line drawn from any angle to 
the middle of the opposite side, and at the length of the line 
measured from the angle, — being independent of the angle which 
the forces make with the plane of the triangle. 

6. In question 4, if a, b, c be the sides of the triangle op- 
posite to the angles A, B, C respectively, then the moment of 
the couple equals a b sin C—a c sin B=bc sin A. 



CHAPTER III. 


ON THE THEORY OF COEPLES. 


We saw in the last chapter that two equal and parallel forces 
acting in opposite directions and at different points of a body 
had no single resultant, but constituted a statical couple, tend- 
ing to produce rotatory motion. This tendency can be balanced 
only by an equal and opposite tendency produced by an oppo- 
site couple. Statical couples have peculiar properties, which wc 
will now discuss and chiefly by employing the superposition of 
equilibrium. See page 6. 


18. Phop. A couple may be turned round in any manner in 
its own plane without altering its statical effect. 

Let Pj^ABPct be the ori- 
ginal couple ; take ab — A B, 
and turned round any point C ; 
apply equal and opposite forces, 
perpendicular to a b at 
a ■, and similarly P B and P 6 at 
b ; these will not affect the 
system, being in equilibrium 
amongst themselves : let each 
of them equal P l or P 5 . Then 
Pj at A, and P 4 at a, are equi- 
valent to a force bisecting the angle P,PP 4 between them, or a 
force in C E j similarly, P 2 and P 6 are equivalent to an equal 
force in CD. These forces being equal and opposite may be 
removed ; that . is, we may remove from the system the forces 
P i, Pq, P 4 , Pg, and we have remaining the forces P 3 and P 5 at 
« and b, forming the couple P 3 ab B& which is the same as if wc 
had tiumed the original couple round the point C until its arm 
came to the position a b. 
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19, Prop. , A couple may be removed to any other part of its 
own plane, its arm remaining parallel to the original direction; 
and it may be removed to any other plane, in the body on which 
it acts, parallel to its oitm plane, its arm being parallel to the 
original arm. - 


First. Let the arm -4P of the 
original couple P X ABP^ be re- 
moved in its own plane to the 
parallel position a b; let forces 
P& P 41 P 6 , P G , each equal to the 
original forces, be applied per- 
pendicularly to a b at the extre- 
mities a and b in opposite pairs, 
as in the figure. 


A A 1 


Join Ab and a B, these lines I 
wall bisect each other in C; and V ’ p * ’ Ps V 

P v at A, and P 6 at b, are equiva- • 

lent to a force —2P X at C, parallel to the original direction ; 
similarly, P 2 at B, and P 4 at a, are equivalent to a force =2P e 
at C, opposite to the former; these will consequently balance 
each other, and may be removed, or the forces P„ P& P 4 , P$ 
may be removed, and we have remaining the couple P 8 abP 0 
equivalent to the original couple removed parallel to itself in 
its own plane. ■ 


Secondly. Let the aim AB of the original couple be re- 


moved from its own plane 
D E, parallel to itself, to a b 
in the parallel plane FG; 
let equal forces, each equal 
to Pj or Pj, be applied at a 
and b, as in the former case. 
Join A b and Pc; these lines 
■will bisect each other in C. 
The forces P x and P s will be 
equivalent to a force =2P, at 
C, parallel to the original di- 
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rection, and P a and P 4 will be equivalent to an' equal and oppo- 
site force at the same point ; these equal imd opposite forces at 
C may be removed, and there remains the couple P 3 ab Pg, equi- 
valent to the original couple removed to the plane F G. 

20. Prop. All statical couples are equivalent to each other, 
whose planes are parallel and moments equal. 

Definition. The moment of a couple is the product of one 
of the forces into the arm, or P. A B in the foregoing proposi- 
tions. 


<h 

A 


LetP,^4PP 2 bc the original couple, 
whose moment is P .A B. Produce * 

A B to any point C, and apply there 
equal and opposite forces Q 1 and Q 2 , 
such that Q.A C—P.A B. We may 
suppose Pj at A to be the sum of 
two" : iOrces ; -,P^and Qjj now 
P X A £= Q\ TAV^QfA B + BC)-, 

( l\-Q l )AB=Q l .BC 
= P' . AB-, 

and forces P 1 at A, and Q x at C, have a resultant parallel to 
their directions and equal to their sum at B. This force, 

P , 4 -Q=P„ will balance Pa, and therefore P' at A, Q, at C, 
and P 2 at B may be removed ; and there remains the couple 

Q. AC, which is therefore equivalent to the original couple. 


P l =I"+Q, 


By the previous propositions this couple," Q.AC, may be 
removed into any plane parallel to its own, and turned round in 
any manner in that plane. 


Definition. The axis of a . couple is a line perpendicular 
to the plane of the couple; and its length being taken propor- 
tional to the moment of the couple, represents it in magnitude. 
The tendency to. rotatory motion being round the axis, and the 
length of the axis representing this tendency as measured by 
the moment, the axis represents completely the couple. The 
effect of the previous propositions is consequently this, — that the 
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a xis/o/ fixed length , may be removed any where within the body 
acted on, parallel to itself. 

When any number of couples act upon the body, they can 
be compounded into one resultant couple. 

21. Prop. When any number of. couples act upon a body in 
parallel planes, the moment of the resultant couple equals the 
sum of the moments of the component couples. 

Let P, Q, R, & c. be the forces; a 
b, c, &c. their arms respectively; the yfv 

couples can be removed all into one 
plane, turned round, and moved in that 
plane, and their arms changed to a 
common arm, whilst their moments re- 


main unchanged. Let m be the com- 
mon arm AB ; P', Q\ R', &e. the ' ' 
forces ; so that P . m—P. a, Q l .m=Q.b, 

R'. m=R . c, See.; but the forces P', (f, R'V 
R' } & c. at A are equivalent to a force 

P' + Q'+P' + & c. = ^ + Q ' 6 1 R ' C 


H' 


P' 


&C. 

K 




M 


m m .m 

And similarly, the forces at B are equal to 

the same sum ; and the moment of the re- , 

sultant couple=(P'+ Q +R + &c.) A B 
= {p'+Q!+R' 4-&c.) m 
—P fl-4-QA-f-Pc-f- See. 

This is the same thing as taking the algebraic sum of the 
axes, as OK, KL, L M, &c., for the resultant axis, when the 
component axes are parallel. If any of the couples tend to 
cause rotation the contrary way round, 
we must take them with contrary 
signs, or their axes must have been 
measured in the opposite direction 
from 0. An axis is therefore ba- 
lanced by an equal and opposite axis, 
or a couple by an equal and oppo- 
site couple. If PABP, QDEQ were 
couples whose moments were equal and 


p 

A 


% 



Q 
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opposite, or P.AB— — Q.DE , they would evidently make 
equilibrium with each other. , 

22. Pbop. If two sides of a. parallelogram represent the axes 
of two component couples, the diagonal represents the axis of the 
resultant couple. 

Let OK, 0 L he the axes 
of the component couples, 
then OM, the diagonal of 
the parallelogram formed on 
them, represents the axis of 
a couple equivalent to them. 

The planes of the couples 
being perpendicular to their 
axes respectively, will he in- 
clined at the same angle to 
each other as the axes themselves are. The couples can be 
moved and turned round, each in their own plane, until their 
arms are in the intersection of their planes; and their moments 
being kept the same, they can be brought to have the same aim. 
Let A B he this common arm in the intersection of the planes ; 
PABP, QABQ the couples. Completing the parallelograms, 
on the lines representing P and Q respectively, the diagonal 
represents their resultants R, at A and B, and the two couples 
are equivalent to a couple RABR. 

If 6 be the angle between P and Q, or between OK and OL, 
R?=F 2 + Q i + 2PQ cos 6 . . . from the triangle of forces; 

R.AB=AB.VP*+Q?+2PQcos0 

= \/P°-.AB i +Q 2 . A B 2 + 2 P.AB xQ. A B cos6 
= V0K*+0L 2 +2 0K. OL cos 6 
= 0 M. 

And 0 K, 0 L being respectively perpendicular to the planes of 
the couples PABP, QABQ, we have OM perpendicular to 
the plane of the resultant couple RABR; therefore OM repre- 
sents the axis of the resultant couple. Let L and M be the 


n 
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moments of the component couples, G the moment of their re- 
sultant; then 

&=L i +M i +2L . M. cos 6. 

Cor. If L, M, N were the axes of three component couples, 
we could show, as in article 8, that G, the axis of the resultant 
couple, would be represented in direction and magnitude by the 
diagonal of the parallelopiped formed upon them. 

If L, M, N were at right angles each to the plane passing 
through the other two, the parallelopiped would he rectangular, 
and we should have 

(?=L*+M*+N*. 



CHAPTER IV. 


ON ANALYTICAL STATICS IN TWO DIMENSIONS. 


In this chapter -we refer the points of application and the 
directions of the forces to co-ordinate axes Ox, Oy, at right angles 
to each other. . ■ ' 

23 . Prop. Required the magnitude and direction of the re- 
sultant of any number of forces in one plane acting at one point, 
and the conditions in order that there may be equilibrium. 

Let Pj, Pg, Pg, &c P„ be the n 

forces., and let the point at which they act 
be taken for the origin of co-ordinates. 

Let Pj make the angle «, with Ox 


• 33 
3 37 


3) 

*3 V 

See* 


33 

33 


V 



N 

A 




0 

M 


Ps 

&C. „ 

Pn }) u n » 

Let OA represent the force P 1 ; com- 
plete the right-angled parallelogram 

OMAN, then O M represents the resolved part of P, in Ox, 
0 N that in Oy. 

Let X v X v Xp See. ... X„ he the resolved parts of the 
forces respectively in Ox, 

Y v Y» Y s , &c . ... Y n . . . in Oy, 

we have 0 M= 0 A cos a, or X 1 =P l cos a 1} 0 N= 0 A sin a„ 

or Yj = Pj sin a 2 ; 

and similarly, X 2 = P 2 cos a^, Y a =P s sin a v 

X 3 = Pq cos ctg, ' Y 3 =P 3 sma 3 , 

Sec. & c. &c. &c. 

X n = P n cos a n , Y n =P n sin a„. 

But the components in Os are equivalent to a single force, 

=X 2 + X 2 -|- X 3 4- &c. . . . +A„. 
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This sum we often write more concisely by employing the 
Greek letter 2 as the sign of summation ; 

°r Xj +^ 2 +X 3 + &c. . . . + X n =2(X). 

In the same way, in the axis of y we have 

f 1 +y 9 +x 3 +&c — + r B =x(r)j 

or we have 2 (X) = 2 (P cos «), 

2(F) =2(P sin «). 

Let R be the resultant required, 6 the angle its direction makes 
with Ox. The resolved parts of R in the axes must equal the 
resolved parts of the forces in' the same directions; or 

Pcos#=2(X), 

R sin 0=2(F), 

tan (!) 

R? = P 2 (sin 2 # + cos 2 #) 

== (2(X)) S +. (2(F)) 2 . (2) 

These equations (1) and (2) give the magnitude and direction of 
the resultant. 

If the forces are in equilibrium, their resultant - =0, and 
R— 0 gives 

o=(2(X5) ! +(2(y))« 

But square quantities being essentially positive, this equation 
cannot be true unless we have 

2(X) = 0, 2(F) =0. 

These are the two necessary and sufficient equations for equili- 
brium, when any. number of forces in one plane act at one point. 


24. Prop. To investigate the expressions for the resultant 
force and resultant couple, and to find the conditions of equili- 
brium, when any number of forces act at various points of a rigid 
body in one plane. 

Let Ox, Oy be the co-ordinate axes, and the plane passing 
through them be that in which the forces P» P*> & c. . . . P„ act. 

Let «„ &c «« he the angles they make with Ox 

respectively^ 
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Let y x be the co-ordinates 


0 M x , A x M x of A x the point of appli- 

V 



cation of the force P v and let x v ?/ 2 , 
&c. . . . x„, y n) be the co-cordinates 
of the points of application of the 
others respectively. 


y 

A, 

^ 

t'l 

Resolving P x in the directions of 
Ox and Oy, we shall have compo- 
nents 

-Xi 0 

Mj 

. 

X x =P x cosfitj, 

II 

j sin a, 



at the point A x . 


Apply at 0, in Ox, equal and opposite forces, each equal to 
X x , which ndll not affect the .system j and * 1 , at A j, with — X x at 
0, form a couple, with its arm A x M x . 

Then X x at A x is equivalent to a force X x at 0, and a couple 
X x x A j Sf | — X x y x . 

Similarly, applying at 0 in Oy forces equal and opposite, 
and each equal to Y x , we have Y x at A x equivalent to Y x at O, 
and a couple 

— Y x xOM x = — Y x .x x . 

This last couple will be negative if the former be taken positive, 
as tending to cause rotation the contrary way. We consider 
those couples positive which tend to cause rotation in the direc- 
tion of the hands of a watch. 

Proceeding in the same way with all the other forces, we 
shall have a sum of forces 

X 1 +X 2 +X 3 +&c. . . . +X„=S(X) 

at 0 in Ox; 

r, + r 2 + y 3 + &c. . . . + r„ =S(r) 

at 0 in 0 y ; 

and couples X x y x + Xay 9 + X^/ 3 +Scc. . . . + X^/ n =Y(Xy) 

- Y x x x — 1> 2 — YgX 3 — &c. . . . — p>„=2(— Yx). 
The couples being in the same plane, we have their resultant 
axis G equal to the algebraic sum of the component axes ; or 
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G=2{Xy)-2{Yx) 

^(Xy-Yx). (1) . 

If R be the resultant force acting at 0 } Q the angle it makes 
with Ox, 

Rcos6=X(X), . - 

. / R sin ff=X(Y), 


and 

The equations (1), (2), and (3) determine G and R; they 
can, however, be simplified when neither G nor R — 0. The 
moment of the couple remaining the 
same, let its forces be each ‘ made 
equal to R-, then let it be moved and 
turned round until one of its forces 
acts at O in an opposite direction to 
the resultant force; A 0 being the 
arm. These two forces balancing, 
may be removeid, and there remains 
the other force of the couple acting 
in ABR in the figure. This final re- 
sultant being parallel to R, makes the angle 6 with the axis of x. 



. a 2(T) 

tan J 

R*=(Z(X))*+&(Y))\ 


( 2 ) 

( 3 ) 


To find the equation of the line ABR , we have, since G^R.AO, 

G O A * G 

the arm of the couple, O and 0 

or 0 - B= Sp) ' 

and equation of the line ABR is 

7/=tan 6 . x+ 0 B ; 


or 


y z 


2(30 


.xA 


2(xy 

When there is equilibrium, we must have both the resultant 
force =0 and the resultant couple =0. These conditions give us 

2(X)=0, 

2(F)=0, 

S{Xy-Yx)=0. 
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These are the three necessary and sufficient equations of equili- 
brium, when any forces act on a free body in one plane. 

25. If there were a fixed point in the plane of the forces, we 
might take it for the origin of co-ordinates O, and its resistance 
would destroy the effect of the resultant force R, and we should 
have the condition of equilibrium only G=0 ; 
or t(Xy-Ya 0=0; 

or there must be no tendency to rotation around the fixed point. 


26. Prop. To prove the principle of virtual velocities for 
forces acting in one plane on a point, and on a rigid body at dif- 
ferent points. 


Definition. If any forces as P t and P 9 
act at a point as A in the figure, and this 
point is displaced through an indefinitely 
small space A a, and we draw perpendiculars 
jDj a andyjjfl from a upon the directions of 
the forces, then the distances Ap x and Ap„ 



are called the , virtual velocities of the forces P x and P 2 ; and 
A p x being measured in the direction of force P, is called positive, 
Ap 2 being measured in the direction of force P 4 produced is called 


negative. 


The principle of virtual velocities is thus enunciated : If any 
number of forces be in equilibrium at one or more points of a 
rigid body, then if this body receive an indefinitely small disturb- 
ance, the algebraic sum of the products of each force into its 
virtual velocity is equal to zero. 


This principle is true when the forces in equilibrium act at 
any points and in any planes on a rigid body; but we shall in 
this treatise only prove . the case when the forces act either at 
one point or at different points in one plane, because the ge- 
neral case requires a knowledge of analytical geometry of three 
dimensions. 


First. To prove the principle when the forces act all at one 
point. 

Let A be the point at which the forces P,, P 5 , &c. . . P„ act. 

v 
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■Let «j, ccq, & c. . . . . «„ be the 
angles they make respectively with 0 x. 

Let 8 be the angle which the displace- 
ment A a makes with 0 x. 

Let v v Vq, &c. . : . v„ he the virtual 
velocities of the forces respectively ; then in 
figure v x —Ap y = Aa cos aAp l 
— A a cos («j — 8) 

■ =A a (cos cos 8+ sin a t sin 6), 
and P j ,v 1 — P 1 A a (cos cos 8 + sin a y sin 8) 

= Aa (cos 8 . P t cos aj-fsin 8 . P y sin «j). 

Similarly, for P 2 we have 

P 2 . v 2 =A a (cos 8 . P 2 cos ot^ -f- sin 8 . P 2 sin ao), 
and so for the other forces, therefore, we have 

P 1 .v 1 + P 2 .v 2 + P 3 .v 3 + Sec. . . . P n .v„=2{P ‘V); say 
—Aa {cos 8 (Pj cosaj + Pg cosa 2 -f &c. . . . +P„cosa n ) 

+ sin0 (P, 6inaj-fP 2 sina 2 + &c. . . . +P„ sin a n )}. 

But when there is equihbrium at a point, 

Pj cos a^+Pg cos ag-f&c. . + P ri cos «„ = 0, 

P, sin«i + P 2 sin a 2 + &c. . . . +P„sina n =0, 

we have 2(P . »)=0 ; or the principle is true when the forces 
act all at one point. 

Second. Let the forces act at different points or particles of 
the body in one plane. We have now to consider these points 
connected together by rigid lines or rods without weight, which 
transmit the reactions of the particles upon each other. These 
reactions must be considered together with the other forces. 



. . Am be the particles. 

Let r ai0j be the reaction of the particle A 2 upon the particle A v 


Let A y} Aq Aq &.c. 


Let v, 
velocities ; 


7 <V*t 


See. 


>1 

» 

1) 

}} 

^0,6, > ^656, 5 


}) 

3} 


A 

A 

A 

& c. 


JJ 

)) 

}> 

>1 


Aqj 


-«a> 

&c. 


&c. &c. be the corresponding virtual 
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then r =r„ r = r , &c. &c. from the nature of reactions. 

ajttj 

Also v „ „ = — w , v =—v , Sic., which we must show. 

Let A and B be 
the particles dis- 
placed to a and b. 0 
Draw the perpendiculars ap, b q. Then, if the line a b is parallel 
to A B, Ap=Bq, and the point to he proved is evidently true. 
When a b is not parallel to A B, let them meet when produced, if 
necessary, in some point C. Since the displacements are indefi- 
nitely small, the perpendiculars ap, b q coincide with circular arcs 
having C for center, and 

Ca=Cp, Cb=Cq; 

hut Ap— Cp — C A=C a—C A, 

Bq=Cb-CB = (Ca+ab)-(CA + AB ) 

— Ca— C A . . . sin ceAB=ab, 

=Ap, but measured in the opposite direction to 
the reaction of B upon A, and is therefore negative. 

Let the sum of the products of all the external forces into their 
virtual velocities, acting on particle A l he S(P nj .u 0i ), 

those on „ A^ he 

those on „ A s be 

&c. Sic. 

those on „ A m bc2(P am .v a J. 

Since each particle is in equilibrium from the action of the forces 
upon it, we have from the first case, 

0 = 2(P v v ai ) + r a ^ . v ai „ t + r flj0j . r fl)0j + Sic. 

Q='Z(P a ,-v at )+r a j Ji .v aiai +r Vi .v a ^+ Sic. 

® = "h Li 3 a, • ^a 3 a, "f" ? a,a, • ^a 3 rr, d" &C. 

Sic. Sic. 

0=2(-P fl „ -v a J + ra mni 'V amai .+ r am)h .v am „ 2 +- Sic. 



In taking the sum of the products for all the particles, the 
products of the reactions into their virtual velocities will disap- 
pear, being in pairs equal in magnitude with contrary signs; 
therefore we have 


2(P n ,.t; 0i +2(P 05 .^) + 2 (P„ 3 -v a ) + Sic. 


+ S(P 0 „' 

n 2 


J = 0; 
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or generally, when there is equilibrium, 

2(P.v)= 0. 

27. Conversely. If the sum of the products of the forces into 
their virtual velocities be equal to zero, or 2(P. v) — 0, then there 
will be equilibrium. 

For if the forces be not in equilibrium, they will be equivalent 
either to a single force or a single couple. (Art. 24.) 

In the first case, let R be the single resultant force, then a 
force equal and opposite to R will reduce the system to equili- 
brium; let u be its virtpal velocity for any displacement. Since 
' there is now equilibrium, we have, by the preceding article, 

• X(P.u) + i£.tt=0. 

But by hypothesis S(P.») = 0, R.u—Q; which being true for 
all small displacements of the body, we must have R= 0, or the 
body was in equilibrium from the action of the original forces. 

In the second case, if the forces were equivalent to a resultant 
couple, it would be balanced by an equal and opposite couple. 
Let the forces of this opposite couple be Q and O', and their 
virtual velocities for any displacement be q and (f respectively. 
Since they will reduce the system to equilibrium, we have, by 
the preceding article, 

2(P.v) + Q.q+ (f.q 1 = 0; 

but 2(P.v)=0, .\ Q.q + Q’.f=0 for all displacements, which 
is impossible unless Q and Q 7 each =0, since they are equal and 
parallel forces, and act at different points. 



CHAPTER Y. 


ON THE CENTER OP GRAVITY. 

28. The center of gravity of a body is that point at which the 
whole weight of a body may be considered to act, and would pro- 
duce the same mechanical effect as the weight of the body actually 
does. 

The weights of all the particles of a body, acting vertically 
downwards, are parallel forces, so that the center of gravity co- 
incides with the center of parallel forces for such weights. 

Prom the definition it arises that, if the center of gravity of 
a body be a fixed point, the body will balance about that point 
in all positions. This property of the center of gravity often 
furnishes the means of determining its position practically. In 
regular and symmetrical figures, as cubes, spheres, cylinders, 
thin plates which are circular, elliptic, or regular polygons, &c., 
it is evidently the center of the body, or point about which it is 
symmetrical.’ 

29. Prop. If a body be in equilibrium, suspended from any 
point, or resting with one point of contact upon another body, 
then the center of gravity lies in the vertical line through that 
point of suspension or contact respectively. 

A 

Let A in the figures be 
the points of suspension and 
contact respectively ; draw 
the vertical lines Aw. 11 the 
whole weight of the body act 
in these vertical lines, it will 
be supported by the reac- 
tions of the fixed points A, 
or when the centers of gra- 
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vity g are in these lines. If the centers of gravity were not in 
these lines, but at some points as f; drawing the vertical, lines 
<J m through g\ and the horizontal lines Am, then to, the weight 
of the body acting at </, would have a moment w x A m, which 
being imbalanced, the body could not be in equilibrium, con- 
trary to the supposition. 

Definitions. A body is said to rest in stable equilibrium 
when, after receiving a slight disturbance, it returns to its first 
position. 

It is said to rest in unstable equilibrium when , after receiving a 
slight disturbance , it moves from its position of equilibrium. 

It is said to rest in neutral equilibrium when, after being dis- 
turbed slightly, it still rests in equilibrium. ' 

30. Prop. When a body rests in stable equilibrium, its center of 
gravity is in the lowest position it can take; and when in unstable 
.equilibrium, it is in the highest position it can take.. 

In the first figure of the last article, the body rests in stable 
equilibrium, and the center of gravity g would, on disturbance, 
describe a circular arc about the point of suspension A, and 
therefore would rise on the body being disturbed. In the 
second figure also, if the equilibrium be stable, the center of 
gravity will rise on disturbance, from the change of the point 
of contact from A to a neighbouring point. In the annexed 
figures, whilst the vertical lines through 
the centers of gravity g pass through the 
points of suspension or contact A, the 
body will rest in equilibrium ; but on a 
small disturbance being given to the 
bodies, the centers of gravity, falling out 
of the vertical lines through the points 
of" suspension and contact, will come to 
a lower position than at 6rst, and the 
weight will have a moment turning the 
body further from its position of equilibrium, which therefore in 
this case is unstable. 
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31. Peop. To find the conditions that the equilibrium may be 
stable, unstable, or neutral, when the spherical surface of a body 
rests upon another spherical surface. 

Let A be tbe point of contact of 
the spherical surfaces, C the center 
of the upper surface, 0 that of the 
lower. Let C A=r, 0 A=r 1 . Let 
the body receive a small disturbance, 
so that the point C comes to G in 
the plane of the figure, and the point 
of contact is now B, A! being the 
new position of A. Join 0 and C', 
then 0 C'=r+r'. Draw B b, a ver- 
tical line meeting C 1 A' in b. Then 
- if the center of gravity of the body 

falls between A! and b, as at g in the figure, the equilibrium will 
be stable, for the moment of the weight (id) of the body will 
bring the body back to its first position. If the center of gra- 
vity falls beyond b from A', as at g', the vertical line through 
ef will fall beyond B, and the moment of the weight will cause 
the body to move further from its first position, and the equili- 
brium will be unstable. 

If the vertical line through the center of gravity passes 
through b, the body will be still in equilibrium, which is there- 
fore neutral. 



When the displacement is indefinitely small. A 1 will be inde- 
finitely near A, and, by similar triangles, we have 
A'b:A' C'::OB:OG, 
or A' b : r : : r 1 : r+r 1 ,. 

or A ' b= 7T?> 

consequently, when the equilibrium is 


stable. 


Ag is less than 


rr 1 

r+r* ’ 


unstable, 


Af is greater than 
Ag is equal to 


rr 1 

r+d ’ 
rr 1 
r+r 1 ' 


neutral. 
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When the lower surface is a horizontal plane, the radius of the 
body at the point of contact is always vertical, and the equili- 
brium is 

stable, when A g is less than r ; 
unstable, when Ag* is greater than r ; 

, neutral, when Ag is equal to r. 

32. Prop. To find the condition that o body placed on a plane 
surface may stand or fall. 

Let figures 1 and 2 
represent the sections of 
bodies by vertical planes 
through their centers of 
gravity (g), which rest on 
a horizontal plane. 

Let figures 3 and 4 re- 
present, similarly, bodies 
resting on an inclined 
plane, down which they 
are prevented from slip- 
ping by friction. 

Drawing vertical 
lines through the cen- 
ters of gravity of the 
bodies, they will be the 
directions in which the 
weight of each acts, as g w in the figures. 

Now in figures 1 and 4 the weight cannot cause the body 
-to turn about either A or B in 6gure 1, or G or H in figure 4, 
because its effect is destroyed by the resistance of the plane. 
But in figures 2 and 3 the weight will have a moment about D in 
figure 2, and about E in figure 3, which is not neutralized by 
the resistance of the plane, and the bodies consequently will fall 
over. 

The condition, therefore, that a body placed on a plane shall 
stand or fall, is that the vertical line through its center of gravity . 
falls within or without the base respectively. 



ViS-l . " Fig. 2. 
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TO FIND THE POSITION OF THE CENTER OF GRAVITY IN SYSTEMS 
OF PARTICLES AND IN RIGID BODIES. 


33 . Prop. To find the center of gravity of any number of 
heavy particles whose places are given. 


Let A, B, C, D, E, &c. be the 
particles whose weights w u w v 
&c. act in the vertical direction 
indicated by the arrows from A, 
B, C, &c., and therefore consti- 
tute a system of parallel forces ; 
w l and w 3 will have a resultant 
+to a acting at a point a, such 
that jo, x A a— Wo x Ba. (Art.12.) 


B 



Compounding the weight w { +w 3 at a with another weight 
w 3 acting at C, they will have a resultant =w, + w 2 + w B acting 
at a point b, such that 

(lo, + w s ) x a b=w 3 X C b. 

Compounding the weight w l +w i + w 3 acting at b, with another 
weight to 4 acting at D, we should find the point at which the 
resultant w l + iu 9 + w s +iv i acted, and so onwards for any number 
of particles whose positions were given. 


The position of the point at which the final resultant weight 
acts is thus determined, and is the same point whatever be the 
order in which wc compound the weights ; so that a system of 
particles or a rigid body can never have more than one copter of 
gravity. 


The positions of the points a, b, &c. depend on the weights 
w v w v Wg, &c., and on the positions of the points A, B, C, &c. 
with respect to each other, but not at all on the directions of the 
arrows with regard to the lines A b, aC, &c. ; so that gravity 
acting vertically downwards, we may turn the whole system into 
any new position, the weights and relative positions of the par- 
ticles remaining the same, and shall find the center of gravity in 
the same point as before. 
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Cor. If the center of gravity of a system of particles rigidly 
connected, or of a rigid body, be supported, the whole system 
•will he supported, and the system or body will balance about 
the center of gravity in all positions. 

34. If the positions of the particles be given with respect to 
a fixed origin and co-ordinate axes, we should find the position 
of the center of gravity by the same process as in article 16, — the 
weights of the particles being the forces, and the whole weight 
of the body being the resultant, or the sum of the weights of 
all the particles. 

If m = the mass of any particle, and therefore proportional 
to its weight, x> y its co-ordinates, and x, y the co-ordinates 
of the center of gravity of the system, we have, by article 16, 

_ _ 1,{m.x) _ 772, x x -f- 7?? e x 2 +m s x 3 + fee. 

X ~ 2(m) * • • or _ mj 4- TO2 _(- 7M3 -p& c . ’ 

- _ S(m.y) _ m 1 y 1 +7n a y a +m 3 y 3 +fc c. 

y 2(t n) ' m, + m z +m z + &c. ’ 

where x v y } are the co-ordinates of the particle m 1 ; x v y e those 
of rn 9 , &c. &c. If the particles are all in the axis of x, yj=0, 
y 2 = 0, &c. &c. and y=0. 

35. The formulae of the last article are applicable to the so- 
lution of problems where the centers of gravity of the parts are 
given to find the center of gravity of the whole body, and where 
the centers of gravity of the whole body and some of the parts 
are given to find the center of gravity of the remaining part; 
for the weight of each part being taken at its center of gravity, 
we treat the problem as if a heavy particle of that weight were 
placed there. Thus, let M equal the whole mass of a body ; x, y 
the co-ordinates of its center of gravity ; M v M v x v y„ x v y 2 
the corresponding quantities for its two parts; we have 

_ _ M 1 x l -f M 2 i 2 + Vi 

x ~ M * y ~ M 

If M, M } and x, y, x v y, were given, w'e have 

Ms=M-M v 

M~x—M x x x - _My—M 1 y i 

x 2 w 9 1 m 9 ; 
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36. Ex. 1. To find the center of gravity of a uniform physical 
straight line. 

If AB be the uniform straight a b 

line, it will balance on a fulcrum or 5 

fixed point at C, its middle point, which will be its center of 
gravity by art. 28 ; for we may consider the line as made up of a 
series of equal particles in pairs, at equal distances on opposite 
sides of C, and the weights of each ' pair would have their result- 
ant weight acting at C, the middle point between them, or the 
resultant weight of the whole line would act at C) and this 
weight being supported by the reaction of the fulcrum, the line 
will be supported, and its center of gravity will be at C, it's 
middle point. 

Ex. 2. To find the center of gravity of a triangular plate of 
uniform thickness and density. 

Let ABC be the triangular 
plate of which the thickness is 
inconsiderable. Draw from C the 
line C D bisecting AB in D, and 
from B the line BE bisecting 
A C in E. Let G be the inter- 
section of CD and B E, then G is 
the center of gravity of the triangle. For we may consider the 
■ triangle to be made up of physical lines, each parallel to A B ; 
let adb be any one of these lines meeting CD in d, which will 
be its middle point, because by similar triangles we have 
Cd: da:: CD :D A 
::CD:DB 
:: C d :db. 

The line a b has therefore its center of gravity at d. 

Similarly it is shown that every fine parallel to A B will be 
bisected by C D, and have its center of gravity in that line ; there- 
fore the center of gravity of the triangle will be in this line. 

In the same way it is shown that the center of gravity will 
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be in tbe line BE', consequently it must be at tlie intersection 
of these lines,- or at the point G in the figure. 

Join the points D and E. The line D E is parallel to B C, 
because the sides AC, A B are cut proportionally in D and E, 
and DE=^B C. 

Also the triangles EDG, BCG are similar; 

ED:BC::DG:CG 

or DG=£.CG=$.CD. 

So also , EG=$.BE. 

Therefore to find the center of gravity of a triangular plate, 
we draw a line from any angle to the middle of the opposite 
side, and measure along this line § its length from the angle, or 
from the bisection of the side, and the point so found is the 
center of gravity required. 


Ex. 3. To find the center of gravity of a parallelogram, of 
which the density is the same at every point, and the thickness 
uniform but very small. 


Let ABCD be the parallelogram; 
bisect the sides AD, B C in E and F, 
and join EF-, also bisect AB and CD 
in H and K, and join HK ; let G be 
the intersection of EF and HK, then 
G is the center of gravity of the paral- 
lelogram. 


D d K 



A o H 


For the parallelogram may be considered made up of physical 
lines, as a d parallel to A D ; each of these will be bisected by the 
line E F, and therefore the center of gravity of the parallelogram 
will be in this line. Similarly, the center of gravity will be in 
the line H K, and is therefore the point G at the intersection of 
these lines. 


It is also evidently the intersection of the diagonals of the 
parallelogram. 
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Ex. 4. To find the center of gravity of a polygonal plate of 
uniform, density and thickness. 

Let ABCDEF be the poly- 
gon. Draw the lines AE, AD, 

A G, dividing it into triangles. 

When the polygon is givenj 
these triangles will be known, 
and their centers of gravity will 
be found by Ex. 2. Let g%, 
g 3 , g 4 be these centers of gra- 
vity respectively. We may con- 
sider the mass of each triangle 
as a heavy particle at its center of gravity. Compounding the 
masses at g l and g 3 by art. 83, their center of gravity will be at 
some point, as G', in the line joining g 1 and g v Compounding 
the mass of the two triangles at G 1 with the mass of the next 
triangle at g^ we shall have the center of gravity of the three 
triangles at some point as G ", and so onwards ; the last point so 
found will be the center of gravity G of the whole figure. 

Ex. 5. To find the center of gravity of a triangular pyramid 
of uniform density. 

Let ABCD be the triangular' 
pyramid. Bisect the edge B C in 
E, and draw the lines AE, DE; 
in A E take ' Af= %A E, in DE 
take D e—'iD E, then e and f are 
the centers of gravity of the tri- 
angular faces of the pyramid DCB, 

ABC respectively.. Join Dfi Ac, 
these lines intersect in a point G, 
which is the center of gravity of 
the pyramid. 

Eor we may consider the pyramid made up of triangular 
plates parallel to any one of its faces. Let abc be such a plate 
parallel to the face ABC. The parallel planes meet the plane 
DCB in cb, CB, therefore these lines are parallel, and cb is bi- 
sected by the line DhE in h ; for 


n 



F 
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Dh:ch::D E: CE 

n 

::DE:EB 

A 

::Dh :hb $ 

/ |v\ 

therefore ch—hb. 


Similarly, the lines ah and 

/ 1 \ 

AE are parallel, and Df, a line 

/ g! It 

in the plane of the triangle AED, 



yS / \ 

AMD, / 

cuts them proportionally. Let 
g be the intersection of JD/ and 
a h ; 

then Dg : ag ::Df: Af, 

and g h : D g ::f E : Df. 

Compounding, g h : ag ::f E : Af 

:: 1 : 2 ; 

therefore g is the center of gravity of the triangle abc. Simi- 
larly it may be shown that the center of gravity of every section 
parallel to ABC is in the line Df. In the same way it may be 
shown that the center of gravity of every section parallel to the 
face BCD is in the line A e. The center of gravity of the whole 
pyramid must therefore be in each of these lines, which are both 
in the plane AED. Let G be the intersection of A e and Df or 
the center of gravity of the pyramid ; join/e. Since AE, DE 
are cut proportionally in e and/, ef is parallel to A D, and 

ef:AD::fE:AE 
: : 1 : 3. 

Also the triangles AGD,fGe are similar, and 
f e : A D ::f G : GD 

or fG—^GD=\Df and L> G=f D/. 

Similarly e Ae, and A (?=f A e. 

Or, to find the center of gravity of a triangular pyramid, we 
must draw a line from any one of the solid angles to the center 
of gravity of the opposite face, and measure § of that line from 
the angle for the point required. 

Ex. 6. To find the center of gravity of a pyramid whose 
base is any polygon. 

Let BCDEF he the polygon which is the base of the pyra- 
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mid whose vertex is A. Joining 
C F and DF, we divide the poly- 
gon into triangles ; and planes 
passing through OF, DF, and the 
vertex A will divide the pyramid 
into triangular pyramids. Draw- 
ing a line from A to the center of 
gravity of any one of the triangular 
bases, and measuring f of that line B ( 
from A, we shall have the center 
of gravity of the triangular pyra- 
mid on that base. If we take a 
plane bcdejf through this point parallel to the base, it will cut all 
lines drawn from A to the polygonal base in the same proportion ; 
and therefore the centers of gravity of all the triangular pyramids 
will be in this plane, and consequently the center of gravity of 
the whole pyramid also, because the mass of each pyramid may 
be considered a heavy particle at its center of gravity. 



Again. If g he the center of gravity of the polygon, and we 
join A g, it can be shown that the center of gravity of every sec- 
tion parallel to the base will be in the line Ag, and therefore the 
center of gravity of the whole pyramid will be in this line ; and 
since it is also in the plane bedef, it is at the point G where Ag 
meets the plane. 

Hence to find the center of gravity of any pyramid on a 
polygonal base, we must draw a line from the . vertex to the 
center of gravity of the polygon, and measure | of it from the 
vertex, or \ from the base. 


Cob. The above rule holds good whatever may be the 
number of sides of the polygon, and is therefore true when the 
number becomes indefinitely great, or when the base becomes a 
continued closed curve, as a circle, an ellipse, oval. See. Or the 
center of gravity' of a cone, right or oblique, and on any base, is 
found by drawing a line from the vertex of the cone to the 
center of gravity of the base, and measuring f of the line from 
the vertex, or | from the base. 
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Ex. 7. To find the center of gravity of a frustum of a cone 
or pyramid cut, off hy a plane parallel to the hose. 


Let the length of a line drawn from the 
vertex of the cone, when complete, to the 
center of gravity of the base . A C, in the 
figure, —a. Let the length of the same line 
to where it meets the smaller end of the 
frustum, A c, =a*. Let A G x =x v 'A (? e =3o, 
A G~x, G being the center of gi'avity of the 
whole cone, G x that of the part cut off, (? 2 
that, of the frustum. Using the formula of 
article 35, we have 

_ d/3 — M, 3, 

. * T2 ~ ~M l ’ 

where 3=| a, 3 1 =|6r / . . 



Also, similar . solids have their volumes proportional to the 
cubes of their lines similarly situated, and the part of the cone 
or pyramid cut off by a plane parallel to the base is similar to 

M a! 3 

the whole cone or pyramid, therefore we have ”=^3 


and 

M s = d/- M, = m(i - 



and 

a K \ 


— - \ ** / 

: 7 jk 


a (d — U H 
~ ilpZfp * 

_ (g-t-a') (a 2 -f a 12 } 

gg , +fl ,s ’ 


which gives the distance of the center of gravity from the vertex 
of the cone or pyramid ; and the distance from the center of 
gravity of the base along the same line is 

a (g-pg') (g 5 +« ,? )_ a 3 a 13 ■ 

a ~3~^*+aa , -ha> ¥ ~ 4 4(« 9 + u 7 +a ,2 )‘ * 


Ex. 8. To -find the center of gravity of the perimeter of a given 
triangle in terms of the co-ordinates of its angular points. 
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We suppose the perimeter of the triangle to be three uni- 
form physical lines ■ whose weights are proportional to their 
lengths. Let a, b, c he the sides respect- i ' ( 
ively opposite to the angles A, B, C. 

The centers of gravity will be each at 
the middle point of the side, as at g ]; g v 
g<p in the figure. 

Let x^y x be co-ordinates of A to origin 0, 

X'zVi » » 

l) » ^ i O * 

then the co-ordinates of the middle point of each line being the 
arithmetic means of those of its extremities, the co-ordinates of 
ffi are £(^+# 3 ), |(y 9 + y a ), 
fft are i (a?! + a? 3 ), i (y, + y 3 ), 
ff 8 are +«„), £(y, +y 2 ), 

and x, y being the co-ordinates required, the formulte of article 
34 give us 



-_a{x 2 + x 3 ) + b(x t + x a ) + c(x 1 + # 2 ) 
*” . 2(fl + & + c) ' 

- _ «(y a + y 3 ) +Hy\+ y 3 ) + g(y, + ya) 

J 2 (a + b + c) 


Ex. 9. To find the co-ordinates of the center of gravity of a 
triangular plate. 

Let x 1 y v x 2 y v a7 3 y 3 be the co- 
ordinates of the points A, B, C re- 
spectively. 

Let the line A D bisect B C in D ; 
the center of gravity being G, we 
have A G—QAD. The co-ordinates 
of D are ^(.r 2 +%), ^(y s +y 3 )-j and. 
if x= 0 N, y=GN he the co-ordi- 
nates of G, we have 

ON=OL+ 1( 0 M- O L), 
GN=AL+%(DM-AL); 
or a?=aq + £{£(.a; a -f-a; 3 ) ^ 1 } 

_=*(* 1+^2 + ^ s ). 

Similarly y=x(yi+y a +y 3 )- 

K 
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Ex. 10. To find the center of gravity of the svrface of a 
right cone. 

* 

We consider the surface of the cone as a sheet of matter 
equally dense at every point; and as it is symmetrical with 
respect to the axis of the cone, its center of 
gravity must be in that line. 

Again. If we draw the straight lines A b, 

Acl rom the vertex to the circumference of 
the base, so that b c is an indefinitely small 
arc, the center of gravity (g) of the triangle 
Abe is at a distance Ag from A—fA b. This 
is true for every such elementary triangle B 
which can be formed on the surface of the 
cone ; or their centers of gravity are in a circle whose center is 
G in the axis A D of the cone, such that A G—§A D ; and G is 
the center of gravit)' of the surface of the cone required. 



EXAMPLES ON THE PRECEDING CHAPTERS. 

Ex. 1. Two beams, connected together at a given angle, 
turn about a horizontal axis at their point of meeting ; find the 
position of equilibrium which they will take by the action of 
their own weights. 

Let AC, B C he the beams 
suspended from C, and inclined to, 
each other at an angle «. Since 
C is a fixed point, the only con- 
dition of equilibrium is, that the A 
moments of the weights about C 
may balance. 

Let g v g» be the centers of gravity of the beams, and g l C=a, 
g a C=b. Let w, = weight of beam A C acting at y, ; to 2 =lbat of 
B C acting at g*. Draw MCN, a horizontal line, meeting the 
vertical lines in which the weights of the beams act in M and N. . 


m c N 
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In equilibrium we have iqx CM=w i x C N. Let Q — angle 

BCN, which is to be found ; we have 

Wj xCg j cos ACM=w 3 x C go cob BCN, 

or w x a cos (180 — a + 9)=w s b cos 6; 

i x a v)nb + iv x a cos a 

whence tan u — : > 

w x a sin a 

which gives the position of the beam as required. 

Ex. 2. When a given weight (IF) is hung from the end of 
one of the beams (A), as in the last question, show that 
t a tu i b + (TV. A C +w ] a) cos a 
tany - (W.AC+Wy a) sin a ' 

Ex. 3. Two beams, as in Ex. 1, are suspended from (B) 

one end; show that if 6 be the angle which the upper one makes 

with a horizontal line, we have in equilibrium, 

, n (Wi +Wo)B C—fiVob + w.a cos a.) 

tan 6 = i— ! - 

w, a sm a 


Ex. 4. Two spheres of unequal 
radii, but of the same material, are 
placed in a hemispherical bowl; find 
the position they take when in equili- 
brium. 

N.B. — lliis, and similar problems 
of bodies resting in equilibrium in a 
hemispherical bowl, can be reduced to problems like the pre- 
ceding. For if the center of the hemisphere C in the figure 
were a fixed point, and connected by rigid rods AC, B C, without 
weight, to the centers of the spheres, we might suppose the hemi- 
sphere removed without changing the conditions of equilibrium. 



Let w x and w z be the weights of the spheres A and B, whose 
radii are r x and r 2 respectively. Let R be the radius of the 
bowl. Then if the angle ACB=a in triangle ABC, we have 
A B=ry+r 3 , A C=R — r„ B C=R—r 2 , and 
A (R + B CB—ABr 
2AC.BC 


_ (R-r 1 )*+(R-r i )*-(r,+ 
2 ( i? — r i) {R— r e) 


>'2) 


2 

-, which give a. 


cos a 
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The position of the spheres "will be known if the angle BCN 
he known; let it=0. The weights are proportional to the 
volumes of the spheres, or to the cubes of the radii, 

or — and w, x CM—w^y. CNj 

Wo r* 

or tOj(jR — r x cos 180 — a + 6=.Wo[R — r 9 ) cost?; 


whence tan 

r,) sm« 


Ex. 5. A heavy beam in a given position has one end resting 
against a smooth wall, and the other tied to a cord which is 
fastened at a point directly above the point where the beam rests; 
find the forces which keep the beam in equilibrium. 


Let CB be the beam in the figure, A B the cord ; 
A and C being points on the wall. The weight of 
the beam (w), the distance ( Cg—a ) of the center of 
gravity from the end against the wall, the length of 
the beam (/), the length of the cord (c), and the di- 
stance (/ 'i ) of the points A and C must be given. The 
angles A, B, C will be known. 

Let /=the tension in the cord. 

The beam will press at C against the wall, and we 
may resolve this pressure into a vertical and horizon- 
tal part; the latter, perpendicular to the wall, will 
be destroyed by its reaction { R ) ; but since the wall is 



smooth, the vertical component can be balanced only by an 


opposite force P. 


If we take into account all the forces which act on the beam, 
we may treat it as a free body in equilibrium from their action, 
and apply the conditions of equilibrium investigated in Chapter IV., 
namely, — 

2(X)=0, 

2(L)= 0 , 

^{Xy-Yx)= 0. 

Therefore, resolving the forces vertically and horizontally, we 
have 
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P+t cosA—w=0, (1) 

R—i sin A=0. (2) 

Since the origin of co-ordinates may be taken any where, we 
may fix it at a point where we avoid moments of the unknown 
forces; therefore, fixing it at C, we have, for the equation of 
moments. 


ti/xsin Cx Cff—t x sinB x CB=0, 

, a . sin C 
or t=w-j — = — 5 

l . sm B 

a c 

~ w Th’ 

which gives the tension in the cord. 

Substituting in the equations (1) and (2), we have 


CL C 

R=Wjji sin A, which gives the pressure against the wall ; 

P=u/(1 — y^cos A), which gives P, as required. 

When P=0, substituting the value of cos At in the triangle 
ABC, we find 

h= 

Ex. 6 . A heavy beam rests upon a peg, with one end against 
a smooth vertical wall: find the position of equilibrium. 

Let ACB be the beam resting at 
A against the vertical wall ABE, and 
upon the peg C. 

The . center of, gravity, when there 
is equilibrium, will he evidently at 
some point, as g, beyond C from A. 

Let w = the weight of the beam; 

R= reaction of the wall perpendicular 
to itself at A-, P'=reaction of the peg perpendicular to the 
beam at C. These three forces keep the beam in equilibrium 
when making some angle 6 with the horizontal direction, which 
is to be found. 



V 


a^-P) 
21 -a ' 


Let Ag = a, and C D= b = perpendicular distance of the peg 
from the wall, which must he given. 
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liesolving the forces horizontally and vertically, we have 
R—R' sin 8= 0, (1) 

to— R’ cos 6=0. (2) 

Taking the moments about C, we have 

xo. Cg cos 8— R.CB. tan 8=0, (3) 

or w(a—b secant 8) cos 8—Rb. tan (9 = 0. 


Multiply (1) by cos 6, (2) by sin 6, and subtract, and vre have 
R cos 8— w sin 8=0 ; 

. ' .*. R=io tan 8. 


Substituting, 

or 

whence 


w(a—b sec 8) cos 8— rob tan-0 =0, 
a cos 8— 6(1 tan 9 #) =0; 



and b must be less than a. 


Ex. 7. Prove that in the last question the same result is 
obtained if we resolve parallel and perpendicular to the beam, 
and take the moments about either A or g in place of C. 

Ex. 8. A heavy beam lies partly in a smooth hemispherical 
howl and partly over one edge : find the position of equilibrium. 

Let ABC be the beam 
resting on the surface of the 
hemispherical bowl at A, and 
on the edge at B. 

Let O be the center of the 
bowl BAB , whose radius =r, 
and BOB horizontal. 

The center of gravity of the 
beam will be at some point g within the bowl. Let Ag=a. 

The beam is supported by the reaction of the bowl at A per- 
pendicular to the surface, or in A O, let it =R; by the reaction 
of the edge at B perpendicular to the beam, let it =7^; and by 
the weight of the beam (w) acting at g. 




ftottt 0 - w.VO } cos 6 

V^fCO 30 !nfect< 

a r cos 8 . 6® 0 ^ & e com^° n _ 

i! t B.«“ i n^ rC ' ,S eo,«= 0 

*r*l 6 ’ lr cos^Jr^ 

«T 

i r « a droi sSlWc ' 

. oiffo oo\y » au 

" u v« tottoV. 

*e ^ tt “ m? A fot * c ot 

SoV '“ t .w. 
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the axis of y ; and let x—a, y=b be the co-ordinates of g, 
#=0, y—h those of the hinge B. 

Let the resolved parts of the reactions at B he Qj horizontally, 
and vertically, and let Qj, i? 2 be those at A respectively, as 
in figure. v ' 


Then 

2(X)=0=Q 2 — Qj, or Q, = Q 2 , 

(i) 


2(Y)=0 =^-72,-7^ 

(2) 


"%{Xy — Yx) = 0—to.a — Q 1 .h. 

(3) 


From (3) and (1) we have 

... 

which gives the horizontal strain ; and it is the same at each 
hinge in magnitude, but opposite in direction. ' 


Again. From (2) we have Ry + B^—w', but we have-iio 
other relation to enable U3 to determine the separate -values of 
i?j and 7? 2 , which are therefore indeterminate. 


Ex. 11. Two given smooth spheres rest in contact on two 
smooth planes inclined at given angles to the horizon; to find 
their position of equilibrium. 


Let A B, AC be 
the planes, making the 
anglesa and /S respect- 
ively with" the horizon- 
tal line through A. 

Let Oj, Oo be the 
centers of the spheres 
at which their weights 



and respectively act. 


Let 7?, and 7? 2 be the reactions of the planes at the points of 
contact, perpendicular to themselves, and therefore passing through 
the centers of the spheres to which they are tangents. 
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Let <S equal tlie mutual pressure of the spheres at their point 
of contact, acting in the line passing through their centers; let 
this line O v O lf D make the angle 6 with the horizontal line 
AD. It is required to find 6. 


Each sphere is in equilibrium from its own weight, the 
reaction of the plane against which it rests, and the pressure of 
the other sphere. By the artifice of resolving in the directions 
of each plane for . the equilibrium of each sphere, we avoid equa- 
tions involving the unknown reactions jRj and R^ and have, in 
the direction of A B, 

io 2 sin a . — Scos (« — 0) =0, (1) 

in direction of AC, 


w j sin /3 — S cos (/9 + 0) = 0. 


Eliminating S, we have 


whence 


ia 4 sin a. cos 0 + 0) =w l sin cos [a. — 0) 
tan g— t0 2 sma ’ c0s ^~ w i sinj8. cosec 

K + tOj) sin«. sin £ 

__ w a cot ft— w 1 cot a 
«h+«> 4 


( 2 ) 


Ex. 12. A sphere is sustained upon an inclined plane by 
the pressure of a beam moveable about the lowest point of the 
inclined plane; given the position of the beam, required that of 
the plane. 


Let AgB be the beam 
moveable about A. 

Let w = weight of the 
beam acting at its center of 
gravity y; B the point of con- 
tact with the sphere, whose 
center is <7; let jo' = weight 
of the sphere. 



The sphere is in equilibrium, from the reaction (R) of the 
plane at the point of contact, from the pressure (P) of the beam 
at B, and from its own weight ; these three forces all act through 
the center C. 




ELEMENTARY MECHANICS. 


Let Ag=a, AB=b, angle BAD, which the beam makes 
with the plane, =a, these are given; or, in place of either one of 
the two latter, we may have the radius of the sphere given. 

Let the angle DAB =6 the elevation of the inclined plane, 

which is to be found, when there is equilibrium. 

* 21 , 

For the condition of equilibrium of the beam, taking moments 
about A , 

P x AB=w.Ag cos a + 8, 

or P=u>f cosa + 0. 

b 


For the condition of equilibrium of the sphere, resolving the 
forces in the direction of A D, we have 

5</sin0— Psin« = 0, 


or 


ip sin 6 — w T sin a. cos a + 6 = 0 : 
b 


whence 


tan 6- 


w a cos a. since 


wasuPa + u/b 
which gives 6, the elevation of the plane, as required. 


Ex. 13. A heavy beam turns about a hinge at the lower end, 
with the other end pressing on an inclined plane, a part of the 
surface of a body which rests on a smooth horizontal plane passing 
through the hinge ; find the horizontal force necessary to keep 
the body from moving. 


Let BCD be the body 
resting on the smooth hori- 
zontal plane ACD. Let 
A B be the .beam turning 
about the hinge at A-, let g 
be the center of gravity of 
the beam at which its weight 
(w) acts. 


Fig. 1. R 



Fig. 2. 


The body is to be in equi- 
librium from the pressure of 
the beam upon it at B, and a 
horizontal force (F) acting at 
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some point K; and the beam is to be in equilibrium from the 
reaction ( R ) of the inclined plane upon it at B, and its own 
weight acting at g. 

The point B is in equilibrium, from the reaction (R) per- 
pendicular to the inclined plane, the reaction ( R !) of the beam 
in the direction of its length, and a force (P) acting perpendicu- 
larly to A B, arising from the moment of its weight ( w ) about A. 

Taking the moments about A for the equilibrium of the 
beam, we avoid expressions involving Rl, and have 
w.Ag cob gAC—R. A B sin ABR—0. 


Let the angle BAC=/3, the angle of the inclined plane with 
CD=a, Ag=a, AB=l; then 


R=w 


acos/3 
/cos (« — B)' 


( 1 ) 


To find R in terms of F we must consider the conditions of 
equilibrium of a right-angled triangular wedge sliding along a 
smooth plane, as CD, figure 2, from the action of a force (P) 
acting parallel to CD, a. pressure (R) perpendicular to C B at B, 
and the reaction of the plane CD. If B n be perpendicular to 
C B, and Bm to CD, these three forces will be proportional to 
the sides of the triangle Bmn respectively. 


Resolving parallel to C D, we have 

R sin B CD — F=0 ; 


or in figure 1, 


R 


F 

sin a' 


Substituting in (1), we have 

r, a sin «. cos B 
/ cos (a — f3) 

which gives the horizontal force required. 


Ex. 14. Solve the last example by taking the conditions of 
equilibrium at the point B ; and show that the whole pressure 

on the hinge A = w{sinfi+jCOs@.tiin («—/?)}. 



60 


ELEMENTARY MECHANICS.' 


Ex. 15. A beam turning about a binge is supported in 
equilibrium by tbe tension in a cord tied to its lower end : tbe 
cord passes over a pulley in tbe same horizontal line with the 
hinge, and sustains a given weight; find the position of equili- 
brium of the beam. 

In the previous examples we obtained 
the solution from the equations for equi- 
librium only ; but many statical problems 
require, for the determination of all the 
unknown quantities, equations to be formed 
from geometrical conditions also, of which 
this simple problem is an example. 

Let A be the hinge, C the pulley, and 
A C=c. 

Let A B be the beam, whose length — l,g its center of gravity 
at which its weight (w) acts, and Ag—a. 

Let P be the weight hung from the cord, which is equal to the 
tension (?) in the cord. 

Let 8= angle CBA,<}>= angle CAB) these arc both unknown 
quantities. 

Taking moments about A, we have 

t.A B sin 6=w.Ag cos fa 

. 0 w a , 
or sin U=p-j-cos(p. 

Erom the geometrical data we have 

sin 6 A C 
sin ACB~AB’ 
c 

or ’ sin 0=^-.sin (6+fa. 

The equations (1) and (2) suffice to determine 6 and tp. 

Ex. 16. A uniform beam rests with its lower end in a smooth 
hemispherical bowl, and its upper end against a smooth vertical 
plane ; find the position of equilibrium. 


( 1 ) 


(2) 
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Let AB be tbe beam resting 
against the vertical plane at A, and 
upon the bowl at B. 

Let C be the center of the bowl ; 

ECF a horizontal diameter which, 
being produced, meets the vertical 
plane at D. 

Let the radius of the bowl = r; 

A 2?=length of the beam=Z ; Ag = Bince the beam is uniform ; 
to= its weight: let also G D — d; these must be given. 

Let angle BCE—6, and let ^6= angle of the beam with the 
horizon; these have to be determined. 



The beam is supported by its weight ( w ) acting at g, the 
reaction ( R ') of the plane perpendicular to itself at A, and the 
reaction (R) in the radius C B. 


or 


Resolving vertically, we have 

R sin 6— to=0, 

R-. W 


sin O' 

Taking the moments about A, we have 

R.AB.sm (0—cf>)—w.Ag.cos c/>=0 ; 

therefore 


sin 


e 


2 


(i) 


This equation containing two unknown quantities, we require still 
a geometrical relation between them. 

Let Cm be a vertical line meeting AB m m; 

sin BCm _ cos 6 _B m_A B—A m 

sin BmG ~~ cos B C~ r 

_l—d.sec(f> 

r 1 

n LcosA—d 
.'. cos 0 = £ . 


r 


(2) 
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From (1) we hare cos0— cot 6. sin cos <£=0, 

or tan 8=2 tan <j&. 

These two equations suffice to determine <f> and 6 as required. 

Ex. 17. A weight (jc) hangs from one end of a cord,' of 
which the other end is fastened to a vertical wall : the cord is 
pushed from the wall by a rod tied to it, which is perpendicular to 
the wall. Show that if the cord, where it is fixed to the wall, 
makes an angle a with it, and R he the pressure of the rod on the 
wall, then 

R— w. tan «. 


Ex. 18. A heavy beam lies with its upper end against a 
smooth vertical plane, and its lower end on a smooth horizontal 
one. Show that if the beam makes an angle « with horizontal 
direction, its length being l, and weight w, and the distance of 
its center of gravity from the lower end being a ; then the force 
required to be applied horizontally at its lower end to maintain 

the equilibrium being F, we have F=wj cot a— the pressure 

against the vertical wall. Sho^y also that the pressure on the 
horizontal plane —w. 


Ex. 19. A body is suspended by a cord of given length from 
a point in a horizontal plane, and is thrust out of its vertical 
position by a rod, without weight, acting from another point in 
the plane; show that if t = the tension in the cord, w = the 
weight of the body, l = the length of the cord, d = the distance 
of the two points, and 6 be the angle which the rod makes with 
the horizon, 


t—w-. cot 6. 
a 


Ex. 20. A triangular plate of uniform thickness and density 
is supported horizontally by a prop at each angle; show, by 
drawing perpendiculars on the sides respectively, from the oppo- 
site angles and the centre of gravity, that the pressure on each 
prop = $ the weight of the plate. 



CHAPTER VI. 


ON THE ELEMENTARY MACHINES, OR. MECHANICAL POWERS. 

The effects of forces in practical mechanics are continually 
modified through the agency of instruments which we call 
machines. 

The simplest of these instruments are Cords and Rods, which, 
with hard planes, may be considered as forming, by their combi- 
nations and recombinations, all other machines, however com- 
plicated. 

Cords are considered in the first instance as without weight, 
and perfectly flexible. A cord transfers the action of a pulling 
force, applied at one extremity, to any other point in it, un- 
changed in magnitude, as long as it is in a straight line to that 
other point, or only passes over smooth obstacles without friction. 
The force which is thus transmitted along the cord we call the 
tension in the cord. 

Rods are considered in the first instance as without weight, 
and inflexible or rigid. They transmit the action of either a 
pulling or a pushing force in the line joining their extremities 
unchanged in magnitude. The force which is transmitted along 
this line we call the reaction of the rod. 

The machines which are next in simplicity to simple cords and 
rods are called the Mechanical Powers. They comprise the Lever, 
the Wheel and Axle, Toothed Wheels, the Pulley, the Inclined 
Plane, the Wedge, and the Screw. 

ON THE LEVER. 

The simple lever is a straight rod, having a fixed point some- 
where in its length, and supposed without weight. The fixed 
point about which the lever may freely turn is called its fulcrum. 



64 ELEMENTARY MECHANICS. 

The conditions of equilibrium of any heavy lever may be reduced 
to those of a lever without weight,' by taking the weight of the 
lever itself, acting at its center of gravity, with the other forces 
producing equilibrium. 

The arms of a lever are the portions of it on each side of the 
fulcrum. When the arms are not in the same straight line, it is 
called a bent lever. 

The mechanical powers being 
most familiar to us as employed 
to support or raise heavy bodies 
or weights, it is usual to call one 
of the forces the Power , and the 
other the Weight. 

Levers have been divided into 
three kinds, according to the rela- 
tive positions of the Poiver, the 
Weight, and the Fulcrum, 

Figure 1 is an example of a 
lever of the first hind, A B being 
the lever, C its fulcrum ; the power 
(P) and weight (W) acting on op- 
posite sides of the fulcrum. 

Figure 2 is an example of a 
lever of the second kind, A C being 
the lever, C the fulcrum ; the 
power (P) and the weight (W) 
acting on the same side of the ful- 
crum, but W nearer to it. 

Figure 3 is an example of a 
lever of the third hind, B C being 
the lever, C the fulcrum ; the 
power (P) and the weight (W) 
acting on the same side of- the ful- 
crum, but the power nearer to it. 



A C B 
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A- crow-bar, according to the way in which it is used, is a 
lever of the first or second kind. Scissors and carpenter’s pincers 
are examples of double levers of the first kind. An oar is an 
example of a lever of the second kind, the fulcrum being a point 
in the blade of the oar which rests for an instant stationary in 
the water. Nut-crackers are double levers of the second kind. 

Tongs, shears, &c., are double levers of the third kind. The 
bones of the arm act as levers of the third kind- 

37. Prop. To find the condition of equilibrium when two 
parallel forces act upon a straight lever, and to find the pressure 
on the fulcrum. 

Since the fulcrum is a fixed point, the only effect of either 
of the forces tends to turn the lever round this point; and in 
equilibrium, the tendency to turn it one way round must be 
balanced by an equal tendency to turn it the other way round ; 
or the moments of the forces about the fulcrum must be equal 
and opposite. 

If d be the angle which they make 
with it, we must have, in both figures, 

P . AC sin a.= Q.B Csin a, 

P . A C= Q.B C, 

P BC 
0r Q~AC 

which being independent of a, there 
will be equilibrium in every inclina- 
tion of the lever to the forces if there 
be equilibrium in any one; and the 
forces are inversely as the distances 
from the fulcrum at which they act. 

We may solve this proposition by 
going through all the steps of Article 
12, Chap. II.; for in equilibrium 
the resultant of the two parallel forces 
must pass through the fulcrum, and 



p 
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be destroyed by its reaction; therefore the pressure on the. ful- 
crum is always equal to the algebraic sum of the parallel forces, 
and acts in the direction of the greater force when they are op- 
posite. 

38. Prop. To find the condition of equilibrium when any 
two forces in the same plane act upon a straight lever, and the 
pressure on the fulcrum. 

Let the forces P and Q 
make the angles a and /3 re- 
spectively with the lever, as in 
the figures, and let their direc- 
tions when produced, if neces- 
sary, meet in D. Since their 
moments about C must be equal 
and opposite when there is equi- 
librium, we must have 
P .AC sin a.— Q . B C sin /S. 

For the pressure on the fulcrum 
and its direction we must find 
the magnitude ( I?) of the result- 
ant of P and Q, and the angle 
it makes with .45; since in equi- 
librium it must be destroyed by 
the reaction of the fulcrum. 

By article 7 we have,, in figure 1, 

P 2 =P 2 -f- Q 2 -f-2P QcosADB, 
and ADB=lSO°-a-fr 

.*. P 2 =P 2 + Q 2 — 2 P Q cos (a+yS). 

In figure 2, ADB=/3—ct , and ADQ is the angle between 
the forces ; 

2P=P 2 + Q 2 — 2P Q cos (£—*). 

To find the inclination ( 6 ) of R to the lever .in figure 1. By 
resolving parallel and perpendicular to the lever, taking R the 
reaction of the fulcrum opposite to the resultant of the forces, 
we have 


Fig. I. D 
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P cos a — Qcos/0+7l cos 0=0, (1) 

P sina+ Q sin/3— P sin 0=0. (2) 

From these equations (1) and (2), we have 
a P sin a + Q sin /3 

tflU U — — V. q t5 

Q cos p — I cos a 

which gives 0. A similar expression ' may be found for the 
lower figure. 

39. Prop. To find the condition of equilibrium when two 
forces in the same plane act in any manner on a lever of any 
form. 

If P and Q, acting as in ■ the 
figures at A and B respectively, 
be in equilibrium about the ful- 
crum C, and we draw perpendicu- 
lars CM, CN upon their direc- 
tions; we have, by the equality of 
moments about C, 

P x CM=- Qy.CN 
P CN 
0r Q~CM ’ 

or in equilibrium the forces are 
inversely as the perpendiculars 
upon their directions from the 
fidcrum. 

When the directions of P and 
Q, with respect to any given straight line through C, are known, 
the magnitude and direction of the pressure on the fulcrum can 
be found, as in the last proposition. 

40. Peop. To find the condition of equilibrium and the pres- 
sure on the fulcrum when any number of forces act in any manner, 
in one plane, on a lever of any form. 

Let Pj, P v Pg, &c. be the forces acting in the plane of the 

f 2 
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figure at the arms C A, CB,CD, &c. 
respectively, or at the points A, B, 

D, &c. in a plane turning about an 
axis through C perpendicular to it. 

Take any two lines perpendicular 
to each other through C, as C x, Cy, 
for the axes of co-ordinates. 

Let P be any one of the. forces 
which makes the angle a with C x, 
and let x, y be the co-ordinates of its point of application. Then 
proceeding as in article 24, we shall have 

at C, in Cx, a force=2(Pcos a), 
at C, in Cy, ,, =2(Psina), 
and a resultant couple whose moment must=0 when there is 
equilibrium, or we must have - 

£(P cos a . y— P sin a . x) =0. 

The resultant force at C will be destroyed by the reaction of 
the fulcrum, and we have the pressure (i?) upon the fulcrum 
from the equation 

R=*J {X(P cos a) } 2 + {Z(P sin a) } 5 . 



If R makes an 


angle 6 with 
tan 6— 


Cx, we have 
S(P sin a) 
2(P cos a)' 


ON THE WHEEL AND AXLE. 


41. This machine consists of a 
wheel, A B, firmly fixed to a cylinder 
or axle, CDEF, with a common axis, 
GH. The pivots or extremities G 
and H of the axis generally turn in 
steps which support the whole ; and 
the forces act by cords which are 
wrapped round the wheel and the 
axle. 


B 
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The annexed figure being an end 
view, we see that by drawing a hori- 
zontal line through the center of the 
axis C, we have the power (P) and 
the weight (TV) acting at A and B, 
the extremities of a straight lever 
ACB-, and in equilibrium we must 
have their moments about C equal 
and opposite; or 

PxA C= WxB C, 

W AC 

° r P~ B C' 

The same relation will exist if the wheel and axle be turned 
round either way ; so that the machine may be called a perpetual 
lever. Also P 1 and JV being forces equal respectively to P 
and W, there will be equilibrium at whatever points the cords 
leave the wheel and axle respectively, since the moments about 
C remain the same as before. 



ON TOOTHED WHEELS. 

42. Toothed or Cogged 
Wheels are thin cylinders, on 
the circumference of which are 
projections called teeth or cogs, 
as in the figure. If two such 
wheels have their cogs set at 
equal distances, they will work 
together, and if one be set in 
motion, it will communicate 
motion to the other through 
the mutual pressure of . the 
cogs which are at any instant 
in contact. 

Let S be this mutual pressure in the figure, which acts in 
the line S'm'mS, a common normal to the cogs at their point of 
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contact; Cm, C'm' being perpendiculars from the centers C, C' 
of the wheels, upon that line 

Let the power (P) act by a weight from a cord wrapped 
round an axle with center C and radius C’ A, and let the 
weight (TV) act similarly from an axle with center C and radius 
CB. 


Taking the moments about C', we have, in equilibrium, 
P xC A=S x C'm', 

and about C, 


WxCB=SxCm. 

Dividing the latter by the former, we have 

W_C A Cm 
P ~ CB X W 

Now if the axles from which P and W act are of equal radii, the 
effect of the combination will depend on the cog-wheels only, and 
we have then 


W_ Cm 

T~Om r 


Let S'm'mS meet the line joining the centers C, C' in o, then 
the triangles Cm'o, Cmo will be similar, and 

Cm Co W 
C m!~ C' o~ P' 

Let the dotted circles be described with radii Co, C'o, these 
are called the pitch-lines of the wheels, which roll uniformly 
upon each other, when the cogs are made of a proper form. In 
planning wheel-work these pitch-lines are first laid down, and 
the places of the cogs marked at the same equal distances upon 
each; their radii are to be so taken that there may be the re- 
quisite number of cogs on each circumference; and as they arc 
at equal distances, their number hill be in proportion to the 
circumference ; 

TF_ Co _ circumference to radius Co 
P ~ C o~ circumference to radius C'o 

number of teeth in wheel of IV 
~~ number of teeth in wheel of P ' 
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The form of the teeth most used in machinery is, that the 
inner part is formed by radii from the center of the wheel, and 
the outer part by epicycloidal curves, — the bottoms of the spaces 
being rounded to give strength to the teeth. See Willis’s Prin- 
ciples of Mechanism. 

There are several forms of toothed wheels, which are all sub- 
ject to the above rule. When th'e teeth project from the flat 
face of the wheel instead of the edge, they form the crown wheel. 
When the wheel contains very few teeth, it is called a pinion, 
and its teeth or cogs are then called leaves. These forms may 
be seen in most watches. 

In the preceding instances the axes of the wheels working 
together were either parallel, as 
in the first form, or at right angles 
to each other, as in the crown 
wheel and pinion. But wheels 
are in continual use in which the 
axes form any given angles; and 
the cogs are then placed on thin 
frustums of cones, as in the figure, 
in place of cylinders ; and the wheels are called bevelled wheels. 

ON THE PULLEY ANn SYSTEMS OF PULLIES. 

-43. The pulley is a small wheel, with a groove on its edge to 
admit a cord which passes over it ; it turns round an axis or pivot 
through its center, which is fastened to the frame-work, called 
the block, in which the pulley moves. It is called a moveable or a 
fixed pulley, according as the block is moveable or fixed. 

A fixed pulley serves merely to change 
the direction of the force in the cord passing 
over it; for, neglecting the friction of the 
pulley, the tension of the cord must be the 
same in every part. 

44. Prop. To find the relation of the power to the weight in the 
single moveable pulley with the cords parallel. 
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The annexed system consists of a move- 
able pulley, from which the weight (TV) is 
suspended, and a fixed pulley over which the 
cord sustaining the power (P) passes and has 
the other end fastened at A. 

Since the cord is supposed to pass freely 
over the pullie3, the tension will be the same 
at every point, and the two vertical cords 
from the moveable pulley sustain TV; 
or, if /= the tension, 2t=TV=2P; 




If we take into account the weight of the moveable pulley, 
we may either add this weight (w) to TJ r , or we may suppose 
the pulley counterpoised by a weight suspended with P, but not 
reckoned with it. 


Taking TV-\-io= the whole weight sustained by the tension of 
the two vertical cords, we have 

2 t= TV+w, 

TV+w 


or 


P=- 


45. Prop. To find the relation of the power to the loeight in 
the single moveable pulley with the cords inclined. 


Let t= the tension in 
cord, which, being fastened 
at A, passes freely over the 
moveable pulley sustaining 
the weight (TV), and the 
fixed pulley, and is there- 
fore the same at every part 
of the cord, and equals the 
power (P). 


A 



Let to= the weight of the 

moveable pulley; a= the angle which the inclined cords make 
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with the vertical direction, and which is the same for both cords, 
since the resultant of the two equal tensions must he a vertical 
force susta inin g W and the weight of the pulley. 

Therefore, resolving in the vertical direction, we have 
2t . cos ct= W+w 
p W+w 

or P =6 • 

2 cos a 

If w be neglected, or counterpoised independently, we have 

W 

P — — — — . 

2 cos a 


We note here, that the two parts of the cord can never be 
drawn into one straight line, or a become 90°, whilst P and W 
remain finite, however great P may be, and however small W 
may be. 

Amongst the various ways in which pullies can be combined, 
there are three, which have been called the first, second, and 
third systems of pullies. 


46. Prop. To find the relation of the power to the weight in a 
combination of pullies, with the cords parallel, where the power at 
each pulley acts as weight to the next above 


it. This is called the first system of pullies. ' 

The figure represents this system with 
three moveable pullies, a„ a v and a 3 . Let 
W be the weight supported at the block of 
the pulley a v and P the power acting at the 
last cord after passing over the fixed pulley. 

•Let w v W& w 3 be the weights of the 
pullies a v a 2 , a 3 respectively. Let be the 
tension in the cord passing round the pulley 
a v t 2 that in the cord round a 2 , t 3 that in 
the cord round a 3 . 

Then, for the equilibrium of a„ we have 
. 2t l = W+iv l 
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Or 


t-IZ+B 

h ~2 + 2‘ 


For the equilibrium of a z , we have 

2 /n — /i -f* W a 


or 


2 + 2 


~ 2 2 + 2 - 2 ' 

For the equilibrium of % we have 

2^=/ 2 + H 7 g 


or 


/ - P-JLi_!£i + !£? , ^ 

3 ~ 2 3 + 2 3 + 2 2 + 2 ’ 


which gives the relation of P to W, as required. 


If the system contains n moveable pulbes, we have similarly 

Wo W 2 


pjl,^ 

2 " 2 n " r 2 n -> 


2 n-2 


• See. 


w n 

+ ~ 2 ' 


If the pullies are all equal, and their weights each equal to 
iP], we have 

J'J/"" At] 

p= ^ + r ;(1+2+2!+8lc - • • ■ +2 "" l) 

=|i+j£ (*■-!) 

~ 2 ” +U7 ' l 1 2 "/ 

In this system a part of the power is expended in sustaining 
the pullies. If the pullies be counterpoised independently, we 
have 



47. Prop. To find the relation of the power to the weight in 
a combination of pullies in two blocks where the same cord passes 
round all the pullies. This is called the second system of 
pullies. 



STATICS. 


7 0 


This combination of pullies is 
the one in most common use. The 
pullies are arranged in the blocks in 
a variety of ways, but figure 1 repre- 
sents the most usual. White’s Pulley 
is a modification of the system, in 
which all the pullies of each block 
were formed upon one piece of wood 
or metal, with their circumferences 
each proportional to the length of 
cord which would pass over them 
when put into use to raise weights, 
so that all those in each block would 
have the same angular motion, and 
they might be then combined into 
one wheel, by which a great propor- 
tion of the friction -in the common 
form would be saved. This plan, which pro- V N 'j 

.mised so well in a theory constructed upon im- V J 

perfect data, has been found useless in practice, // 

from that fertile source of error, the omission of Yci] 

essential natural properties, namely, here, the 
elasticity of all cords, which is continually chaiig- ( w J 
ing with the wetness or dryness of the atmosphere, 
and the friction of the cords upon the pullies, 
as well as the changing thickness of the cord in use. Neglecting 
the friction, we shall have the tension the same at every part of 
the cord, and counting the number of cords at the low T er block, we 
Bhall have the number of times the tension which supports the 
weight (IV) and the weight of the block (w). 



Therefore, if n = number of cords at the lower block, 
nt=W+w 

but t=P 

,.P=J r + “ 
n n 

If, as in the figures, the end of the cord be tied to the 
upper block, the number of pullies in each block will be the 
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same, — m say; and the number of cords at the lower block will 
be 2m, and then 



TT.im 
2 m 2m 


If the weight of the pullies be counterpoised or neglected, 
we have 




48. Prop. To find the relation of the power to the weight in 
a combination of pullies when the cords are parallel, and each 
attached to the weight. This is called the third system of 
pullies. 


In this system the uppermost pulley is fixed, 
and its weight is supported by the beam to 
which they are attached. Let w x be the weight 
of the pulley a 1 ; * w%, to 3 those of the pullies a s , 
a a respectively. Let t i} to, tg, t 4 be the tensions 
in the cords respectively, and 

/j=P, 

i i =2t 1 +w 1 —2P+ w v 
i 3 = 2t% -f y> 2 =2 2 P + 2w l + W& 
t 4 = 2 1 3 + io 3 — 2 3 P + 2~Wj + 2 w 2 + iv 3 , 
and W=t x + U + t s +U 

= P(l+2+2 2 +2 3 ) + m I (H-2 + 2 e ) + 
IU 2 (1 + 2) + Wg 

■ = P(2 4 — 1) + w 1 (2 3 —l) + w s (2 s —l) -f 

w 3 (2-l). 

If the system contains n moveable pullies, 
we shall have similarly, 



W= P(2 n+1 - 1) + w x {2” - 1) + w a (2"“ 1 - 1) + &c + tc 0 (2 - 1 ). 


If the n pullies were of the same weight w x , we should have 
lF=P(2 n+l — l)+«; 1 (2 n +2 n - , +2 n - 2 +&c. . . . +2)—nw t 
= P(2 n+1 — l)+w,(2 n+I -2—n) 

= (P + w x ) (2 n+l — 1)— (n + I)w,. 
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In this system the weights of the pullies assist the power. If 
they are balanced independently, or neglected, we hare 
W 

-p-z=(2 n+1 — 1 ). 

ON THE INCLINED PLANE. 

. When a particle or body is in contact with any hard surface, 
plane or curved, and the forces press it against the surface, the 
normal reaction of the surface is one of the forces concurring to 
produce equilibrium, and must be considered with the other 
forces. 

The inclined plane; as a mechanical power, is supposed per- 
fectly hard and smooth (unless the friction is considered) ; and 
having some angle of elevation above the horizontal plane, has a 
heavy particle or body resting on it in equilibrium, by the action 
of one or more forces. 

49. Prop. To find the conditions of equilibrium when a body 
rests on an inclined plane by the action of a force actiny up the 
plane. 

Let the figure represent a section 
■A B, of the inclined plane by a verti- 
cal plane through the body at a. Let 
AC be a horizontal line, and the 
angle BAC=a. 

Let P be the power acting up the 
plane, R the reaction perpendicular 
to the plane at a, W the weight of 
downwards. 

These three forces keep the body in equilibrium; and two 
out of the three quantities W, P, and a, must be given when 
the other and R are required. Using the method of article 23, 
taking the axis of a; in the plane, the axis of y perpendicular to 
it, with a for origin of co-ordinates, we have the equations of 
equilibrium, 



the body acting vertically 
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S(X)=0, 2(F) = 0; 

or here P— TV since -0, (]) 

i? — 7Fcosct=0. (2) 


From any point B in the plane, draw B C vertical; AB is 
called the length of the plane, B C its height, and A C its base. 


From (1), 


W_ 1 _AB 
P sin a~BC 


From (2), 


length of the plane 
height of the plane' 

IV length of the plane 

R ~ base of the plane 


50. Prop. To find the conditions of equilibrium when a body is 
supported on an inclined plane by a force whose direction makes an 
angle e with the plane. 


P, TV, and R being the forces in 
equilibrium at a, in the figure, where 
angle PaB — e, angle BAC=a. Re- 
solving parallel and perpendicular to 
the plane,. we have, in equilibrium, 

Pcose— TVsina=0, (1) 

P + Psine— 7Fcosa=0; (2) 

TV cos e 
or - 77 —- — > 

P sm a 


v 



R— TV cos a — P sin e 


= TV cos a, — TV 


sina. sm e, 
j cos e 


_ j^co s (« + e) ; 
cos e * 
TV cos e 
R "cos (a + e) ’ 


If « +e=90, P= TV, aqd P=0. 

If e>90°— a, R is negative, and the body must be on the 
under side of the plane. 
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51. Prop. To find the conditions of equilibrium when a body vs 
supported on an inclined plane by a horizontal pushing force. 

The body being supported on the 
plane at a by the action of the horizon- 
tal force P in Pa-, resolving parallel 
and perpendicular to the plane, we have, 
in equilibrium, 

Pcos*-fTsin«=0, (1) 

R — Psina — 7Pcosa = 0. (2) 

From (1), P= TV tan a; 

IT _ __A C _ .base of the plane 

P C ° Ct ~ B C — height of the plane’ 

R = W cos a -f P sin a. 

_ W 

~ cosa' 

TV _ _A C _ base of the plane 

R ~ C ° SU ~AB~ length of the plane’ 


or 

From (2), 


or 


a 



52. Prop. To find the relation between the weights of two 
bodies which rest on two inclined planes having a common summit, 
the bodies being connected by a cord passing over a pulley at the 
summit, when they are in equilibrium. 


Let a and a! be the bodies whose 
weights are W and TV. Let A B, 
B C be the two planes. Let a.— 
angle BAC, /3= angle BCA, and 
BD a perpendicular on A C. 

If t be the tension in the cord 
aBd, we have, for equilibrium on 
the plane A B, 


B 



and on plane B C, 


t=Wmicc, 


l = JV 1 sin /9 ; 
fFsin a= TV sin ft, 


or 


W? — = TV'^^ ■ 
AB BC’ 
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or IL'iH. 

W 1 BC’ 

or the weights are proportional to tlie lengths of the planes on 
which they rest respectively. 

ON THE WEDGE. 

This mechanical power, not less simple than any of the 
others, has been discussed very differently by different writers, 
and those who have given the most elaborate solutions have 
treated it- the most erroneously. The student who wishes to 
understand the mode of action of the wedge should consider 
attentively the example 13, page 58. 

53. Prop. To find the, conditions of equilibrium on the isosceles 
wedge. 

By the wedge, we mean a triangular 
prism whose perpendicular section is an 
isosceles triangle, as in the figure, where 
A is the section of the edge of the prism ; 

A By AC sections of the sides ; and C B 
of the back. The prism is considered 
hard, and perfectly smooth, if we do not 
introduce the friction as one of the forces 
involved. 

Draw AD bisecting the angle of the wedge, and let 
BAD —CAD— cc. Let 2P be the power applied at the back 
of the wedge, which is in equilibrium with the pressures {11) on 
its two sides, which must be equal, and act through the same 
point a in the power’s direction, and also perpendicularly to 
the sides of the wedge, since they are supposed perfectly 
smooth. 

Resolving in the vertical direction, we have • 

2 R cos RaA — 2 P= 0 ; 



sin a’ 



or 
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P ^ back of the wedge 

R ~ Sm a— side of the wedge 

which gives the force exerted by the wedge perpendicular to its 
sides. 

If there be more than one force acting on each side of the 
wedge, their resultant in equilibrium must be R, as thus found ; 
and we require such additional data, in order to determine the 
components, as will enable us to solve the trinngle of forces when 
one of the forces (R) is known. 

Hatchets, knives, carpenters’ chisels, fee., are examples of 
different forms of the wedge. 

ON TIIE SCREW. 

The Screw consists of & projecting rib or thread passing round a 
cylinder at the same angle with its axis everywhere. This screw 
works in a hollow screw to which it fits. 

54 . Prop. To find the conditions of equilibrium on the 
screw. 

If we suppose one revolution of the thread to be unwrapped, 
it forms an inclined plane, of which the height equnls the di- 
stance of two threads, and the base the circumference of the 
cylinder. 

Let ABC represent 
the inclined plane formed 
by the unwrapping of one 
revolution of a thread, and 
B C— the distance of two 
contiguous threads,.^ C— 
circumference of the cy- 
linder. 

Let a — angle BA C of 
the plane, r= radius of 
the cylinder. 



o 
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The power P acts perpendicularly at the extremity Pof a lever, 
which turning the screw round, produces a pressure in the direc- 
tion of the axis of the cylinder of the screw. In equilibrium let 
this pressure be balanced by a weight 1Y. 

Let the arm of the lever of P—FD=a. Let Q be the equi- 
valent force to P at the circumference of the cylinder, so that 

,FD 


Q=P 


ED 


=P* 


We may suppose a small part (ic) of TV to be supported at each 
point of A B ; let g be the corresponding part of Q, and let P be 
the perpendicular reaction of the thread at a. 

Proceeding as in article 51, we have 

DC 

q — to tan « = w 

-a G 

w. distance of two threads 


circumference of the cylinder 

and the same holds for all other points on the plane ; therefore 
we have 

„ distance of two threads 

Q= W— 


circumference of the cylinder 


= P.~ 
r 


= P 


27 t a 
27 rr 


or 


or 


P=.W- 


distance of two threads 


circumference described by P in one revolution 
JV_ circumference described by P 
P~ distance of two threads ' 


We note here, that the relation of P to W is independent of 
the radius of the cylinder on which the thread is wrapped. 



CHAPTER VII. 

ON COMBINATIONS OF THE MECHANICAL POWERS ANU 
BALANCES. 


Bv the mechanical advantage of any machine, we mean the 
number of times the weight contains the power, or the value of 
W 

the fraction as used in the preceding propositions. 


Recapitulating, we have for the elementary machines the 
mechanical advantage, 

r , the arm of the power 

In the lever, = — - - ■•tv 

the arm of the weight 


T . . , , . the radius of the wheel 

In the wheel and axle,= -~r 5 —. 

the radius of the axle 

T 1 1 1 i the number of teeth in the wheel of IV 

In toothed wheels, = ihc'hu^e^teelh rnlhTwhed^f P* 

In the single moveable pulley, = 2. 

In the first system of pullies, =2", where n = number of move- 

able pullies. 

In the second system of pullies, =n, where n.= number of cords 

at the lower block. 

In the third system of pullies, =2" +I — 1, where n — number of 

moveable pullies. 

T ,, . . . the length of the plane 

In the inclined plane, = -r — — tt, t — h • 

the height of the plane 

T ,, . the side of the wedge 

n e we ge, “"half the back of the wedge" 

r the circumference described by the power 

in the screw, ^ : 

the distance between two contiguous threads 

g 2 


In the screw, 
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55. Prop. To find the mechanical advantage of a combination of 
any number of elementary machines. 

We may suppose the machines .to be connected together by 
cords or rigid rods, and the tension or reaction in any cord or 
rod will be the weight to the machine above, and the power to 
the machine below. Let the number of machines ben;' and let 
t\i to, t & , &c. . . . t n _ j he the tensions or reactions in the con- 
necting cords or rods. 


Let P=the power for the whole combination. 
77'= the weight . „ ,, „ 


TV 


The mechanical advantage of the combination = ^ 


TV 7 n _ i t n _ 2 „ 
t 't ‘ 

1 l n — 2 In — 3 


to U 


— a n- a n — l- a n—2 .... 

if ff], a 3 , a 3 , & c. . . . a„ be the mechanical advantages of each of 
the separate machines. 


Or, the mechanical advantage of a combination of machines 
equals the product of the mechanical advantages of the separate 
machines. 


56. Prop. To find the mechanical advantage in the endless 
scrciv. 

This 'machine is a combination of the 
screw and the wheel and axle. The wheel 
has projections or teeth on its circumfer- 
ence, set obliquely so as to fit the thread 
of the screw, — the power being applied at 
the handle of a winch, by which the screw 
presses against the teeth of the wheel and 
supports a weight hanging from the axle. 


The mechanical advantage of the endless screw — 

the circumference described by the power radius of the wheel 
the distance of two threads of the screw radius of the axle ‘ 
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Example. Let the winch be 10 inches, the distance of con- 
tiguous threads of the screw % inch, the radius of the wheel 10 
inches, and that of the axle 1 inch. 

The mechanical advantage= ^ 7r ^ ^ x — 

^ '(V 1 

=3141 

or a power of one pound will sustain more than three thousand 
pounds by such a machine. 

67. Prop. To find the mechanical advantage of a combination of 
levers. 

Let C, C', C", C'" be the 
fulcrums of the levels. Let the 
power (P) act at A, and the weight 
(TV) at B m ; the last lever being 
of the first kind, and the other 
three of the second kind. Let 
B A', B' A", j B" A 111 be rigid rods 
connecting the levers. 

The mechanical advantage of 
the combination = 

CAxC'A , xC"A"xC"'A"i 
CBxOB'x C" B"xC"'B" 1 ' 

Ex. Let the mechanical advantage of each lever = 10 ; the 
mechanical advantage of the combination = 10 4 = 10000 ; or a 
power of one pound will sustain a weight of ten thousand pounds 
by such a combination of levers. 

The weighing machine for carts and waggons is a combination 
of levers ; the first being a pair of framework levers, which support 
the platform, on which the cart or waggon is placed when 
weighed. 

58. Prop. To find the relation of the power to the pressure 
produced in the combination of levers called the knee. 


C I) A 
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A combination of levers like the 
annexed figure is used with advan- 
tage in cases where a very great 
pressure is required to act through 
only a very small space, as in coining 
money, in punching holes through 
plates of iron, in the printing-press, 

&c. The lever, A B, turns about 
a firmly-fixed pivot at A, and is 
connected by another pivot at B to 
the rod B C, whose extremity, C, 
produces the pressure on the ob- 
stacle, as E in the figure, being 
retained in its proper motion by 
some contrivance producing a similar action to the lever D C in 
the figure. 

Let the power (P) act horizontally at some point F, in the 
lever A B. Let ANE be a vertical fine meeting the direction of 
P in N, and BE a horizontal plane with the substance subject to 
pressure at E. 

Let R— the reaction of the rod B C in the direction of its 
length, and A M, D L perpendiculars upon its direction from A 
and D. Let TV be the vertical pressure of the substance at E. 



Taking the moments about A and D, in equilibrium, we have 
P.AN=R.AM 
TV.B E=R.BL 


JV=P 


AN BL 
BE AM 


TV _ A N BL 
P~AM'BE' 


"When BC comes nearly to the vertical direction, BL comes 
nearly equal to B E, and A N becomes A F nearly, whilst A M is 
very small. 


TV A F 

So that wc have ncar *. v > w hicli is then very great. 
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ON THE COMMON BALANCE. 

The common balance, as ordinarily constructed, Is a bent • 
lever, in which we have to take into consideration the weight of 
the lever itself. 


In the figure, A and B 
are the points from which 
the scale-pans and weights 
are suspended ; C is the 
fulcrum, being the lower 
edge of a prismatic rod of 
steel projecting on each 
side of the beam; when 
the balance is in use, these 
edges on each side of the 



B 


beam, as at C, rest on hard 


surfaces, so that the beam turns freely about C as fulcrum. In the 
lower figure, let C, A, and u 


B he as before ; A B being 
the line joining the points 
of suspension. Draw C D 
a perpendicular on AB j 
when the beam is symme- 
trical on each side of C, its 
center of gravity will be at 
some point as g in CD. 

The requisites of a good 



balance are : 


1st. That the beam rests in a horizontal position when loaded 
with equal weights. 

2nd. That the balance possesses great sensibility. 

3rd. That it possesses great' stability. 

For the first condition, it is necessary that the arms are of 
equal lengths, and that the beam is symmetrical on each side of 
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C, with the points of suspension and the center of gravity below 
that point. When this is the ease, we shall have the perpendi- 
cular C'Z> bisecting .4 .B in J>. 

59. Prof. To investigate the conditions that a balance mag 
possess great sensibility and great stability. 

-A balance possesses great sensibility, when, for a small differ- 
ence between the weights P and Q with which it is loaded, the 
lineup is considerably deflected from the horizontal position in 
which it rests when loaded with equal weights. Let M CEN 
be a horizontal line through C, mcetiug AB in P, and let the 
angle MEA—Q. The sensibility depends on the magnitude of 
6 compared with the difference P—Q of the weights. Let w 
equal the weight of the beam. Let the horizontal line through 
C meet the vertical lines through A and B in M and JV respect- 
ively ; and those through g and JD in a and d respectively. Then 
A/ iV is bisected in d. 

. Taking the moments about C, we have, in equilibrium, 

P. CM— Q. ON— tv. Ca—O 
or P(3Id~Cd) — Q(Nd+Cd)—iv.Ca=Q 

or [P — Q) AD cos 6— (P + Q) CD sin 6 — w. Cg sin 0=0. 

Let the length AD or BD of the anus =a, C D=d, and 
Cg — h; then 

(P— Q)a— {(P+ Q)d+m./(}tan 6=0 

... tong= . . .. ■■ ■ 

(P + Q)d+w.h 

"We sec that 6, and therefore the sensibility, will be increased 
for given vnlucs of P and Q by increasing a, and by diminishing 
w, d, and It ; or, by increasing the lengths of the arms, by dimi- 
nishing the weight of the beam, and by diminishing the di- 
stances of the fulcrum from the center of gravity of the beam, 
and from the line joining the points of suspension of the scale- 
pans. 

A balance possesses great slahiliiy, when, being loaded. with 
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equal weights, on being disturbed it returns quickly towards its 
position of equilibrium. The stability is therefore greater as 
the moment bringing the beam towards its horizontal position is 
greater. 


Or, since P=Q, 

as P.CN—P.CM+w.Ca is greater ; 

or as P{Nd+ C d—Md—Cd) +w.C a 

— (2 P. d 4- w . h) sin 6 is greater. 

This is greater for given values-, of P and 6, as d, w, and h are 
increased. 

We see that the sensibility of the balance is diminished as 
we increase the stability, but that we may increase the sensibility 
without injuring the stability by increasing the length of the 
arms. 

We see also that balances must be adapted to the uses they 
are to be applied to. The fine delicate balance of the chemical 
laboratory must possess great sensibility', but we must not ex- 
pect great stability. For weighing coarse wares, it is of more 
consequence that the balance possesses great stability than that 
it shows very small differences of weight, where the material 
weighed is not of great value. 


ON THE STEELVARD BALANCE. 

The steelyard has a longer and a shorter arm, as in the 
figure- the substance to be weighed being hung from the point 
A in the shorter arm, its weight is found from the distance to 
which the constant weight P must be moved on the longer arm 
in order to balance it. 

60. Prof. To show that the divisions on the longer arm of the 
steelyard, which correspond to equal additions of xueight in the body 
xueighed, must be in a succession of equal distances. 

Let the projecting knife-edge at C be the fulcrum, and A 
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the point from which the 
weight TV is suspended. 

Let P be the moveable 
weight. "When no weight 
is suspended from A, the 
longer arm will prepon- 
derate; let a he the point 
from which P must he 
suspended to produce equilibrium. Take Cb=Ca, then P at b 
would balance P at a, if the lever was without weight, conse- 
quently we may consider it without weight if we suppose a 
weight equal to P to he hung from b. Let the steelyard be in 
equilibrium from the weight of TV at A, of P at B and the effect 
of the weight of the lever. 



Prom the equality of the moments about C we have 

W.CA—P. CB—P.Cb=0 
TV _ CB+Cb 
P~ AC 

_ aB 
~AC' 


If 

if 

if 

if 


TV—P then aB—AC 

JV=2P „ a B=2 A C 

TV—3 P „ a B—SA C 

TV—n.P „ aB=n.AC 


or for every additional weight P, by which TV is increased, the 
moveable weight will have to he moved a distance equal to AC 
further along the arm to balance it-; and for multiples of P the 
divisions will be in a succession of distances equal to AC, counted 
from a. 


This same rule holds for increments of TV corresponding to 
any fractional part of P. Let it be required to graduate the 

P 

steelyard for a succession of weights increasing by — . 

TV aB 

From the expression ~P~~A~C 
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we have 


TV aB 

p ~ a cr 

m m 


Jr . 

Let W=N . where N is any integer. 


N= 


aB 

AC 


or 


aB=N. 


AC 


m 


a 


m 

Giving N a succession of integral values, we Bhall have for 

AC 

B a succession of distances counted from a, increasing by . 


It is scarcely necessary to remark that the method supposed 
to be followed above would never be the practical method of 
graduating the steelyard ; but the discussion iB of use, to show 
that the divisions must be at equal distances. 


ON THE -BENT LEVEE BALANCE. 

61. This balance is similar to the 
figure, where BCD is the bent lever 
turning about a pivot at C. A scale 
(A) hangs from B ■ and at D an index 
points to some division on the graduated 
arc. 

■r r— 1 

Let g be the center of gravity of the 
beam at which its weight iv acts. The weight of the scale (A) 
and the weight ( TV) of a body placed in it will act vertically 
through B. If we draw a horizontal line through C, meeting 
the vertical lines through g and B respectively in m and b, we 
must have, in equilibrium, 

w.Cm-{A+TV)Cb=0. 

Now, as greater weights are put into the scaled, the point B 
comes more nearly to the vertical line through C, from the bent 
form of the beam • and the distance C m increases, so that the 
arc may be graduated from the positions of the' index at D for 
a succession of weights put into A. "When the arc has been 
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thus graduated experimentally, the weight of a body placed in 
the scale is told very quickly by the division on the arc to which 
the index rises. When it is required to sort a great number of 
bodies into classes of different weights, but where extreme nicety 
is not essential, this balance is the most convenient for the 
purpose. 

OX ROBEItVAl/s BALANCE. 

62. This balance is of greater interest from its paradoxical 
appearance than from its use as a machine for weighing bodies. 
It consists of an. upright stem upon a heavy base. A, with equal 



crossbeams turning about pivots at a and b. These crossbeams 
are connected by pivots at c, i, e,/with other equal pieces in 
the form of the letter T ; the weights are hung from the horizon- 
tal arms of the latter pieces; and the peculiar property of the 
balance is that equal weights balance at all distances from the 
upright stem ; thus two equal weights (P), as in the figure, ba- 
lance, although one may bang at B much nearer the upright 
stem than C, the point from which the other hangs. 

This property' is easily 
proved from the theory' of 
couples. Let the letters 
in the annexed figure in- 
dicate the same parts as 
in the former. 

Let equal and oppo- 
site forces Pj and P 5 , as 
in the figure, act in cc, 
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each equal to P ; and similarly let P 3 and P 4 act in df. These 
forces, P„ P& P 3 , P 4 , will not affect the equilibrium ; and P at 
B is equivalent to P x at e and the couple P, B h, P 2 . Similarly, 
P at C is equivalent to P 4 at /, and the couple P, C k, P s . The 
forces Pj at e and P 4 at / will evidently balance. 

The couple P, B li, P 2 is equivalent to a couple Q u e c, Q 2 in 
its own plane, of equal moment, in which we may take the 
forces Q, and Q 2 acting in the directions of the crossbeams eb, 
a c, which always remain parallel to each other as they turn on 
the pivots. These forces Qj and Q 2 are destroyed by the resist- 
ance of the pivots b and a ; and similarly, if P v fd, P 2 were the 
corresponding couple on the other side, Pj and P 2 would be de- 
stroyed by the resistance of b and a. These couples therefore 
would not affect the equilibrium, and the original forces P at B 
and P at C must be in equilibrium. 

If the beams cad, ebf be moved round the pivots into any 
oblique position, the same reasoning holds good, and the equili- 
brium still subsists. 

It is easy to see that unequal weights, as P and Q, could not 
balance when hanging from any points. 



CHAPTER VIII. 


APPLICATION OF THE PRINCIPLE OF VIRTUAL VELOCITIES TO THE 
MECHANICAL POUTERS. 

We saw in articles 26 and 27 that the principle of virtual velo- 
cities holds good for all cases of the equilibrium of a free body 
under the action of any number of external forces. 

We may consider the effective parts of the mechanical powers 
as free bodies if the reactions of the parts which support them 
be taken with the other external forces; and the internal re- 
actions and tensions do not enter the fundamental expression 
2(P.u)=0. We shall also generally have the virtual velocities 
of the reactions of the supporting parts equal to zero for the 
possible displacements of the system. 

In some of the mechanical powers we have the principle ap- 
plying to all possible displacements whether great or small, since 
they are always in the direction of the forces,— as in the wheel 
and axle, toothed wheels, the pullies with parallel cords, the 
inclined plane, the wedge, and the screw. In the lever and 
the pullies with inclined cords we must take the displacement 
indefinitely small. 

63. Prop. To shoxo that the principle 
of virtual velocities holds good for the wheel 
and axle in equilibrium. 

The forces which act on the wheel and 
axle are the power P, the weight TV, and 
the reaction P of each of the steps which 
support each end, C, of the pivot about 
which it turns. When the wheel and axle 
receives a displacement turning about 
the virtual velocity of R equals 0. 
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Let A and B be the points at which the cords left the wheel 
and the axle respectively before displacement; A', B' afterwards. 
Then TV ascends through the space TVW'= arc B B', and P de- 
scends through PP'= arc A A'. TV TV is a negative virtual 
velocity if P P' be positive. 

By the principle of virtual velocities, 

P x P P'—TVx TVTV 1 = 0 
or Px arc A A 1 — Wx nrcBB’—O 

or PxACx angle A'CA— JVxB C x angle BCB '= 0 
P x A G— WxB C=0 
TV AC 

or P B C 

the condition of equilibrium as found in article 41. 


64. Prop. To show that the principle of virtual velocities holds 
good in a pair of toothed wheels. 


Let the circles in the figures 
represent the pitch-lines of the 
wheels which roll on each other 
without slipping, and let O v 0 2 
he the points which were in 
contact in the line C C' before 
disturbance. Then the other 
letters being as in article 42, 
we have 

arc O Oj = arc 0 Oo, 
P’s displacement, =P P' 



=A CP x angle OfCPO 

—A CP x arc °i Q 
~ ACx CP O 


TP ’ s displacement, 


= TV TV 



arc 0, 0 

y ± 

c o 


By the principle of virtual velocities, 

P x P P—TVx TV TV=0 
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or 


p X A Cx^£+~ - JFx CBx ^A-° =0 


CO 


CO 


P- 


AC 


or 


CO 
W_A C 1 CO 
P~BC ' CO 
_C0 

~Wo 


TF— = 0 

CO 


when A C= B C 


as found for the condition of equilibrium in article 42. 

65. Prop. To show that the principle of virtual velocities holds 
good in the single moveable pulley with the cords parallel . 


In the figure, if the pulley A be raised to A 1 , we 
shall have A A' = TFW 1 — P P 1 , since each of the 
cords passing round the pulley A must be shortened 
by a length = W W. And W TV 1 is a negative virtual 
velocity ; 

.\PxPP-WxWTC=D 
gives P x P P'~JFx *P P '= 0 

or ~=2 

the condition of equilibrium as found in article 44. . 


rh 


fA', 


ui' 


yw' 


w 


66. Prop. To show that the principle of virtual velocities holds 
good in the first system of pullics. ' 


Taking the same figure as in article 46, 
we see that if P descended through a space 
PP’, 

the pulley a„ would be raised a space £ P P' 


the pulley u„_ j „ „ ,, 


PP 

2- 

&c. 


&c. 

the pulley a 3 „ „ „ 

3 3 

ppt 

2 n ~- 

the pulley « 2 „ „ „ 

33 

ppr 

2 n ~ l 

the weight TV or the pulley u, 

3> 

PP' 

On 

and the equation of virtual velocities 



r 
' ■ 

K 









y 


A 

]> 




J 

'*1 

d 

k 

Cl 



o 
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P x P P’—TVx TV TV'=0 becomes 

ppr 

Px P P'—TVx -—-=0 


or 



tlie condition of equilibrium when the weights of the pullies are 
counterbalanced or neglected. 


67. Prop. To show that the principle of virtual velocities holds 
good in the second system of pullies. 

Referring to the fignre in article 47, we see that if the weight 
be raised through a space TV TV, each of the n cords at the lower 
block must be shortened the same quantity, or P must descend 
through a space nx TV TV 7 . The equation of virtual velocities 
is 

P xP P'—TVx TVTV—O 
which becomes Pxn.WTV— TV x TVTV—O 


TV 



the condition of equilibrium as in article 47. 1 

68. Prop. To show that the principle of 
virtual velocities holds good in the third system of 
pullies. . 

Taking the same figure as in article 48, we 
see that if TV be raised a spac z=WTV, each cord 
will be shortened in consequence a space equal to 
it. The highest moveable pulley, a„, will de- 
scend through the same space, TV TV 1 . The next 
pulley, a„_], will descend through a space 2 . TV TV, 
in consequence of the descent of a„, and TV TV in 
consequence of the elevation of TV, or will de- 
scend on the whole (2 + 1) TV TV. 

Similarly, the pulley o„_ 3 will descend through 
{2(2 + 1) + 1 } TV TV= (2* +2 + 1) TV TV. 

H 
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Proceeding in the same way, we find that pulley a s , or 
(in-(n- 3 ), Mill descend through the space 

( 2 »-3 +2n -4 +&Ci . . . +2 + l)TFTF } 
and a 2 through the space (5 n-2 +2 n-3 + &c. . . . +2+1) /FTP' 
o, „ „ (2 n-1 +2 n_2 +&c. . .. +2+l)JFJF. 

P descends through twice the last found space in consequence 
of the descent of the pulley a v and through the space TFTT n , in 
consequence of the elevation of the weight; 
or P P 1 —TF TP* {2(2 n ~ l +2 n ~ 2 + kc. . . . +2 + l) + l} 

= WlF 1 {2 n+ '-\). 

The equation of virtual velocities is 

PxPP'—TFx WTF=0 

which becomes P xWW (2 n+ 1 — 1) — TV x TF TF = 0 

W 

or ~-=2 n+1 — l 

the condition of equilibrium when there are n moveable pullics, as 
in article 48. 

69. Prop. To shoio that the equation of virtual velocities holds 
in the inclined plane. 

Taking the most general case, 
when the force (P) makes any angle 
e with the plane. Let a.=Z.BAC ; 
a the first position of the body whose 
weight is IF; d the position of it 
after a disturbance. 

f 

Drawing the perpendiculars av } A 
du, we have —dv, the virtual velo- 
city of P——ad cos e, and au, the 
virtual velocity of TF=ad sin «. 

By the equation of virtual velocities, 

Pxdv — TFxav= 0 

or Pxflff'cose— TFxad sina = 0 

TF cos e 

or . P = ii^ 

as found for the condition of equilibrium in article 50. 
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70. Prop. To show that the principle of virtual velocities holds 
for the wedge. 


Let HP be the whole power, R and 4 
R the pressures perpendicular to the 
smooth sides of the wedge ABC, which 
produce equilibrium. 

Let the wedge be displaced to the 
position A'B'C The displacement of 
the point of application of P is a cl in 
the figure, =AA'- that of b, the point 
of application of R, is bV=Am, a per- 
pendicular from A on A B’ ; and 

A m =A A' sin ^ . 



The equation of virtual velocities is 

P xaa! —RxbV — 0 

PxAA'-RxAA'sin^^^O 

6 



p 

BAC 

2 


as found in article 63 for 
the condition of equili- 
brium of the' wedge. 

71. Prop. To show that 
the principle of virtual velo- 
cities holds for the screxu. 

Suppose the power P 
to act by means of a cord 
passing over a pulley upon 
a wheel, as perpetual lever, 
fixed to the cylinder of the 
screw. 

Let A be the point 
where the cord' left the 
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wheel when the power was at P and the weight at IF; and let 
A', P’, W 1 be their positions after a disturbance, 

P P ? = arc A A' = A C x angle A CA' 

W W 1 = distance of two threads x — 

2 7T 

By the equation of virtual velocities, 

PxPP'-WxWJF’=0 

or Px A Cx angle ACA 1 — Wx distance of two threads x 
angle AC A’ _ n 
2tt Uj 

P 7 2tt AC 

or — — : 

P distance of two threads 

the condition of equilibrium as found in article 54. 

72. ' Prop. To show that the principle of virtual velocities holds 
in a lever of any form. 

Let ACB be the lever 
before displacement, A'CB' 
its position after. 

Prom A' draw A' v per- 
pendicular to A P, and from 
B', B' u perpendicular to B Q 
produced. A v is the virtual 
velocity of P, B u that of Q, 
and negative. Now, when 
the displacement is indefi- 
nitely small, the circular arcs 
A A', B B' become straight lines, and 

A v—A A ' x cos A' A v—A C x angle ACA' x cos (PAC— 90°) 

= A C.sin PAC. angle ACA 1 
Bu—BC. sin QBC. angle BCff 
and angle ACA r =ang\c BCB?. 

The equation of virtual velocities is 

PxA v—QxBu — 0 
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or 


or 


P.A C.sin PAC—Q.B C.sin QDC= 
* . P_ B C.sin QBC 

Q : 


: 0 


A C. sin PAC 
as found in article 39 for the condition of equilibrium. 


73. Piior. To show that the principle of virtual velocities holds 
in the single moveable pulley with the cords inclined. 

Let A he the point where the B 
cords produced would meet at 
the first position of the pulley, 
when P and W are the positions 
of the power and the weight. 

Let P he displaced to P' 
when the weight is raised to TP', 
or the point of meeting of the 
cords to A'. Draw the circular arcs. A' m, A! n, with centers B 
and C. When the displacement is indefinitely small, the arcs 
A' m, A! n become straight lines, and 

A m—A A! cos BAA’ = An 

P P'= A m+ A n=2AA' cos 
WW=AA'. 



BAC 


The equation of virtual velocities is 

PxPP’-Wx WW-D 
BAC 


and becomes P x 2 A A cos : 


or 


W . 

-p- = 2cos 


IV x A A' =0 
BAC 


as found for the condition of equilibrium in article 45. 


In the preceding propositions, the expression 
Px P P' =Wx WW 
WW P 

° r PP> ~ TV 

explains the principle that, “in using any machine, what wc 
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gain in power we lose in time.” For, in order that IT may be 
raised through any given space, we must have the* space moved 
through by P increased in the same ratio that the magnitude of 
P is diminished. 


EXA3IPLES ON CHAPTERS VI. VII. AND Vlri. 

Ex. 1. A lever 30 feet long balances itself upon a prop -j 
of its length from the thicker end ; but when a weight of 10 
pounds is suspended at the other end, the prop must be moved 
2 feet towards it to maintain the equilibrium; show that the 
weight of the beam is 90 pounds. 

Ex. 2. The forces P and Q act at arms a and b respectively 
of a straight lever which rests upon a fixed point to which it is 
not attached. "When P and Q make angles u and /S with the 
lever, show that the conditions of equilibrium are 

P cos a + Q cos /9= 0 
P a sin a— Q b sin /?=0. 

Ex. 3. The beam of a false balance being of uniform density 
and thickness, it is required to show that the lengths of the arms 
(a and b) are respectively proportioned to the differences between 
the true ( TV) and apparent weights (P and Q). Or to show that 
the weight of the beam being considered, we have 

a P-7F 
b~W—Q‘ 


Ex. 4. Two given weights hanging vertically from two 
given points in the rim of a wheel, find the position in which 
the greatest weight will be sustained on the axle. 


Let P and Q be the weights, a the angle contained between 
the radii drawn to the points of suspension, which arc given. 
Let 6 be the angle which the lower radius (that of P) makes 
with the vertical direction. It is shown by means of a subsidiary 
angle, and without the differential calculus, that 


tan 6 = 


P+Q cos a 
Qsina 
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Ex. 5. If 1 be the, mechanical advantage of a lever, and s 
the mechanical advantage of a screw, show that the mechanical 
advantage of the common vice is l . s. 


Ex. 6. Apply the principle of virtual velo- 
cities to find the relation of the power to the 
weight in the endless screw , as fonnd in article 
56. 

Ex. 7. Show that, in the annexed system of 
pullies, TV =5 P. Apply the principle of virtual 
velocities to find the same result. 

Ex. 8. In the annexed system of three move- 
able pullies, with the cords at each pulley inclined 
60° to each other, show that 



W=P{ 3)v. 

Obtain the same result by 
means of the principle of 
virtual velocities. 

Ex. 9. Show that in 
every combination of the 
mechanical powers, the re- 
lation of the power to the 
weight may be found by the 
principle of virtual velo- 
cities. 




CHAPTER IX. 

ON THE EQUILIBRIUM OF A SYSTEM OF "WEIGHTS SUSTAINED BY 

CORDS OR BEAMS. 

74. If a weight TV be hung from a knot C at which the cords 
AC, B C (supposed toithout weight) meet, and the lengths of the 
cords and the position of A and B are given ; to find the tensions 
in the cords. 

The geometrical data give the angles 
which A C and B C make with the ver- 
tical direction ; let them be a. and /9 re- 
spectively. 

If and t s be the tensions in the 
two cords A C and B C respectively, we 
may find their values by the properties 
of the parallelogram of forces or other- 
wise analytically as in article 23, as follows : 

Resolving horizontally and vertically, 

^sina — / 2 sin/S=0 (1) 

t l cos a -W 2 cos/S— rP==0. (2) 

Multiply (1) by cos /S, (2) by sin /?, and add, wc find 
i , (sin « cos ft + cos a . sin /3) — TV. sin /S= 0 
TV. sin /? 

or m ■ / . /*~>‘. • 

sin (ct+p) 

Similarly, 

_ W sin a 
sin (a+fi)’ 

Wc should find these results at once from article 6; but the 
equation (1) shows us a property in addition, which wc shall find 
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to hold for systems of any number of cords and beams, namely, 
that the resolved parts of the tensions horizontally are the same 
in each. 


75. Prop. To investigate the form, and properties of the 
funicular polygon, or a system of cords connected by knots from 
which given weights are hung. 


Let ABCDEF be the 
polygon formed by cords 
connected by knots at the 
points B, C, B, E. Let 
AF be a horizontal dis- 
tance which is given, as 
well as l u l v fg, & c. the 
lengths of the cords A B, 
B C, CD, &c., which we 
suppose without weight. 

. Let W v fPg, &c. be 
the weights suspended 
from B, C, D, &e. re- 
spectively. 


A F 



The above being given, w 

we have to determine the 

tensions in the cords, and the angles they make with the vertical 
direction. 


Let t,=tension in A B, tension in B C, A, = tension in 
CD, & c. 

Let «j, /3, be angles of the cords with the vertical direction at 
Pa u a >1 

* 3 ) $3 a » a 

&c. ,, ,, „ &c. 

If n be the number of cords, we have n tensions, and 2(n — 1) 
angles to v determine, from the following equations: 


bpts 
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A F—lj sin a, — / 2 sin et 2 — &c. . . . — sin 

/ n sin £ n _,=0 ( rt ) 

h cosaj + ZoCOSctj+ZgCosag+fec. . . . +7 n -icoso n _i + 

7 n cos (tt — =0. ( b ) 

Resolving horizontally and vertically at each knot, we have 
at R, ^ sinaj— / 2 sin/3j=0 J cos^ + fj cos/?,— (1) 

at C, / 2 sin ctj— sin )S 2 = 0, / 2 cos a*+t s cos TF S = 0 (2) 

&c. &c. 

sin ««-!—• 7„sin/3„_i=0, cosa n _, + 7„cos^„_,— 

rr„_ i=0. (n— 1) 


We have also 0 l +a z =ir ) /9 2 +a 3 =7T, &c. . . /9 n _ 2 +a n _,=7r, 
which areVi— 2 equations. 

We have, consequently, the equations (a) and (£), 2(n— 1) 
and n — 2; or, in all, 3n— 2 equations, to find the n tensions 
and 2 n— 2 angles as required. 

Since /3 j + « 2 =7t, we have sin /Sj=sin and so onwards, 
sin/S 2 =sinag, &c. . . • sin^ n _ 2 =sina „_, ; therefore we see 
that the. first of each pair of the equations (1), (2), . . . (n— 1) 
shows the horizontal component of the tension in each cord to 
be the same ; for we have 

/ 1 sina, = / 2 sin^ 1 =/ 2 sina 2 =/ 8 8in/8 2 =&c. . . . =/„ sin/3„_, 
but f, sina,^, cos A=t n sin cos F 

or the resolved parts of the extreme tensions in the line A Fare 
equal and opposite. 

From the equations (1), (2), . . . (a— 1), we find by elimi- 
nating alternately one of the tensions in each pair, 

7i _ / e 

sin/3, sin (a, 4- /3,) sin a, 

/ s TJ% __ f 3 

sin^ - sin («o+/S 2 ) — sin« 2 
See. See. &c. 
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tn- 1 ffjn—1 In 

sin yS„_i — sin (<*„_,+ ~ sin «„_ / 


Prom these we find the horizontal tensions to be 


— "i — & c ZA=L— 

cot a, + cot /3, COt« 5 +COtjS 9 •••• cot «„_!+ COt/Sn-/ 


When the weight of a chain supplying the place of the cords 
of the polygon is taken into account, the problem becomes one of 
considerable difficulty, and is connected with the construction of 
chain bridges. 


76. Prop. Three uniform beams connected together form a 
triangle, AB C, vnth A B horizontal, and have a weight, TV, hung 
from C ; to find the reaction in each of the beams, and to shoiu that 
the horizontal •part is the same in each beam. 

Since the triangle is given, 
the angles which the sides 
AC, BC make with the 
vertical direction will be 
known : let them be a. and /3 
respectively. 

Let if, be the reaction in 
the beam AC, R? that in B C ; and let b x be the weight of A C, 
b 2 that of B C. 



Since the beams are uniform, the center of gravity of each 
will be at its middle point, and we may consider half the weight 
of each to be at each end, so that the whole weight hanging 

from C will be TV + = TV say. 


Resolving horizontally and vertically at C, we have 

i?, sin«— i? s sin /3=0 (1) 

2?, cos «-fi? 2 cos/S— TV'=0. (2) 

The equation (1) shows that the horizontal parts of the reactions 
are equal. 
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Eliminating alternately between the equations, we have 

i?i _ W 1 _B 0 

sin ,8 sin (a+y9) — sin a 

and the horizontal part of R : or Ro, or, as it is called, the horizontal 
thrust when the beams form a roof, is equal to 

TV 1 

cota-f cot/9 

which is the reaction in the horizontal beam A B, called the tie - 
beam. 


If the side A B were taken away, and its place supplied by a 
cord, the last expression would be the tension in the cord. If the 
points A and B rested on a smooth horizontal plane, we should 
have the pressure on the plane 

at A=JR 1 cosa+^j 
£ 

and at I?=jR 2 cos$-f-^. 

77. Prop. A number (n) of beams connected by hinges form a 
frame-work in a vertical plane, having weights hung from the hinges ; 
to find the position of equilibrium, and to show that the horizontal 
reaction at each hinge is the same. 


Let ABCDEF be the 



3 


frame-work, of which the ex- 

c 


''X 


tremities A and F are fixed 


J 

k X 

E 

points. Let AH and FH, 




\ 

a horizontal and vertical line, / 

* 

! 



begiven,as well as the lengths R y~ 

'P, 

\ 

i 

/ \ 

f \ 

' 

Z>„ b 2 , b 3 , See. of the beams. / *\ 

'W, 

r w. 

u, > 

r'vr. 


a , n 


The beams being given, 

we may suppose the weight to be applied at the ends, and IV „ 
JV v TV S , &c. to be the whole weights acting at the hinges B, C, 
D, &c. respectively. 

Let « |, /9, be the angles which the beams A B, B C make 
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with the vertical line at B; a v /9 S , a 3 , /9 a , &c. the corresponding 
angles at C, D, &c. 

Let R v Rfy i?g, &c. . . . R n be the reactions in the beams 
commencing at A. 

We shall have to find n reactions, and 2(n — 1) angles. From 
the geometrical relations we have 

A H—b l sinaj— 6 2 sin« 2 — i 3 sin «g— &c. . . . — b„ sin/9„_ 1 =0 (a) 

FH~b { cos otj —b 2 cos« s — Z» 3 cos Og— &c . . . . —b„x 

cos (w— /9„_,)=0. (b) 

Resolving horizontally and vertically at each hinge,, we have, in 
equilibrium, 

at-Bj-Rjsintfq— R z sm/3 l =0 R l coaa l +jR i cos^ 1 — T'F^ = 0 (1) 

atCjjRjsinoj— 72 a sin/9 2 =0 l? s cos«2+i? 3 cos/9 2 — W^—O - (2) 

&c. &c. 

R n -i sin —R„ sin yS„_] =0 J?„_, cos a„_i -f R„ cos — 

W n - X =0. (n-1) 

We have also £i + “ 8 = 7r, /3 2 + a a =7r, &c. . . . ^ n _ a + « n _i = 7 r, 
or n — 2 equations. 

These equations being 3n— 2 in number, suffice to find the n 
tensions and 2n— 2 angles. 

The expressions would have been identical with those for the 
funicular polygon if we had taken F in the horizontal line through 
A) and- they lead to the same consequences. 

The first of each pair of equations (1), (2), See. shows that the 
horizontal component of the reaction at each hinge is the same ; 
and by the same process as in article 75, we show that it is the 
same at every hinge, and equal to 

!fj -- j^Jt — &c, . . . — V r n-\ 

coteq + cot/3, cot« 2 +cotyS 2 cota n _, + cot ) 8 n _,’ 
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ON FRICTION. 

We have hitherto considered the surfaces on which bodies 
pressed to he perfectly smooth, so that they offered no resistance 
to motion parallel to themselves, their only reaction, being per- 
pendicular. 

When rough surfaces are in contact, the motion, or tendency 
to motion, parallel to the surfaces, is affected by the roughness, 
and we call the effect friction. 

Experiments have been made to determine the laws of friction, 
which we may subdivide into rubbing friction, when one body rubs 
on the other, and rolling friction, when one rough surface rolls 
upon another : the former only will be considered here, under the 
term friction or statical friction. 

78. If a body rest, as at A, upon a rough plane, B C, it is 
found that a force, within certain ’ 

' m 

limits, may act upon it parallel 
to the plane without motion en- 
suing, as would be the case if the 
plane were smooth. The greatest 
force which can be so applied, 
without the body moving, measures the friction. If W be a 
weight acting by a cord passing over a pulley, as in the figure, 
on the body A, when motion is about to take place, F being the 
opposing force of friction which balances TV, we have F— IF. 
It is found that if we put various weights, as m, upon the body 
A, then TV or F is proportional to the weight of A and m, or is 
proportional to the pressure perpendicular to the surfaces in 
contact. It is also found that it is independent of the magni- 
tude of the surfaces in contact, the friction being the same when 
the pressure is the same, whether the surface of the body be 
increased or diminished; except in extreme cases, where the 
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pressure is exceedingly great compared witli the surfaces in con- 
tact. So that if R be the pressure on the plane which is equal 
and opposite to its normal reaction, we have 

F-/xR 

where p is a constant depending on the nature of the surfaces in 
contact, and called the coefficient of friction. 

We may determine the coefficient of 
friction by placing the body on a plane 
of which we can increase the inclination 
to the horizon until the body begins to 
slide down. 

79. Prop. To show that the coeffi- 
cient of friction between two given sub- 
stances is the tangent of the inclination of the plane formed of 
one of the substances, when the body formed of the other is about to 
slide down it. 

The body a in the above figure is in equilibrium from the 
normal reaction of the plane R, the friction /a R acting up the 
plane, and its weight acting vertically. Resolving parallel and 
perpendicular to the plane, we have 

g, R— TV sin « =0 
R— PVcos a=0. 

Eliminating R, we have 

/acos« — sina=0 

or /a = tan «. _ 

80. Prop. To find the limits of the 
ratio of P to TV on an inclined plane, 
when friction acts up or down the plane. 

Let the power P, as in the figure, 
make an angle e with the plane whose 
inclination to the horizon is a. Let TV 
be the weight of the body. 

Friction being considered as an inert force resisting the ten- 
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denc 5 r to motion, will act up or down the plane as the body is on 
the point of moving down or up respectively. - 

Resolving parallel and perpendicular to the plane, we have 
P cose+pR — TVs\na=0 ( 1 ) 

Psin e+J?— 7Fcos«=0. ( 2 ) 

Multiply ( 2 ) by p. and subtract and add, we have 

P (cose + g,sin e) — 7F(sin«+/xcosa)=0, 

TV cos e + p, sine 

or — =-, Zf- 

1 sin a 4 - p, cos a 

where the upper sign is to be' taken when friction acts up, and the 
lower when friction acts down the plane. 

No motion will occur whilst the relation of P to TV lies between 
the two values. 

81. Proi*. To find the limits of the ratio of P to TV in the screw 
when friction acts assisting the power or the weight. 

Proceeding as in article 54, 
let jdBCbcthe inclined plane 
formed by the unwrapping of 
one revolution of the thread • 
the angle BAC=a. 

Let TV be the whole weight 
sustained by the screw; w be 
the part of it supported at a ; 

Q the whole force acting at 
the circumference of the cy- 
linder, whose radius E JD=r, 

FD=a the lever at which the power P acts, and 

.*. P-=Q 

r 

and let q be the part of Q which supports w at a. The forces 
which are in equilibrium at a are the weight tc, the reaction P, 
the friction acting up or down the plane p R , and the horizontal 
pressure q. 
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Resolving parallel and perpendicular to the plane, we have 
qcoaa + gR— u>sina=0 (1) 

q sin a— R + w cos a— 0. (2) 


Multiply (2) by y, and add and subtract, we have 
q (cos«+/isina)— w (sin a+jx.cosct) =0 
w _W _cosct+gsw a. 

q~ Q ~8ina + fieos« 

W a cos a+/x sin a. 

P~~r sin cos a' 

The two values of this expression give the limits required. 


or 


and 


82. Pkob. A uniform beam rests on a cylinder of given 
radius (a) ; to .find the weight ( W) which may be hung from one 
end, so that the beam may be just about to slide off when friction 
acts. 


Let "<7 be the center of gravity of the 
beam B C, whose length is 2J3 ; and Bg—b, 
since the beam is uniform. Let w befits 
weight. Before the weight W was hung 
at B, the point g mnst have been at A, 
the highest point of the cylinder. Let A 1 
be the point of contact when the beam is 
on the point of sliding off the cylinder, 
and let a be the t angle which the beam 
then makes with the horizontal direction. 


fill 



Resolving parallel and perpendicular to the beam, we have 


whence ^,=tan«. 


g, R—w sin a— JVsm a = 0 
R — w cos a — W cos a=0 


( 1 ) 

(2) 


Taking the moments about A’, we have 

Wx BA’ cos a— to x A! g cos«=0 
or TV(B g—A 1 g)—w.A' g=0 

hut A' g= arc A A ' = radius x angle A OA 1 

— a a 


I 
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TV [b — a «) 

or 7F= 

the weight required. 


■ w.a a = 0 

V 


b—aa b — atan~ i p 


83. Prob. A ladder rests with its 
foot on a horizontal plane, and its -upper 
extremity against a vertical wall; having 
given its length (l), the place of its center 
of gravity, and the ratios of the friction 
to the pressure both on the plane and on 
the wall; find its position when in a state 
bordering on motion. 

If A B be the ladder in the figure, 
whose length AB=l, and weight acting 
at the center of gravity g~ TV, Bg—b, 
p' the coefficient of friction against the 
vertical wall, p against the horizontal plane A C, and angle 
BAC=6 ; we find * 

tan *=*=*(! ±M. 

pi 
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CHAPTER I. 

ON DEFINITIONS AND THE LAWS OF MOTION. 

When forces produce motion, or change of motion, in bodies, 
their effect being different to that in statical problems, we require 
other methods of measuring them, in addition to the statical 
measures. 

The motion of a body may he considered only with respect 
to its change of place, either absolutely, or relatively to some 
other body which is itself in motion. It may also be considered 
with respect to the power the body, acquires of overcoming ob- 
stacles; and then the magnitude of the body itself has to be 
considered. 

The velocity of a body is its rate of motion, and it is measured, 
when uniform or constant, by the space passed over in a unit of 
time, or by the space in any time divided by the time. The 
units of time and space must be known. Thus we say, he 
travelled at the rate of thirty miles per day ; he travelled at the 
speed or velocity of eight miles per hour; the bullet was fired 
from the gun with a velocity of 1000 feet per second. When no 
mention is made of different units, we shall take a foot for the 
unit of space, and a second for the unit of time. 

Let v be put for velocity, s for space in feet, t for time in 
seconds, we have for a uniform velocity', 

v — space described in one second 
_ space described in t seconds 
t seconds 

= — , or s — v t. 

i 2 
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When the velocity is continually changing, it is measured by the 
space passed over in an indefinitely short space of time divided by 
the time. 

Let s be the space described with a variable velocity in t seconds, 
& ] that in t' seconds indefinitely near the former time ; then, using 
the symbol S to signify difference, 

d— s 8s 

v = T=t = rv 

When pressures such as we have considered in Statics are not 
balanced, the body on which they act will he put in motion. Such 
pressures may act on the body during a definite time, or act 
through a definite space, and then cease to act. 

When pressures act only for a very short space of time, they 
are called impulsive forces, — as, for instance, the mutual pressure 
of bodies which impinge, the force of the string exerted upon an 
arrow shot from a bow, &c. 

We call a force an accelerating force whilst it continually 
increases the velocity of a body; and a retarding force whilst 
it continually diminishes it. A uniform or constant accelerating 
force is one that increases the velocity of the body uniformly, 
or adds the same amount of velocity to the previous velocity of 
the body in every successive equal interval of time. A uniform 
retarding force is one that diminishes the velocity of a body 
according to the same law. Variable accelerating or retarding 
forces are those whose effects on the velocities of bodies are con- 
tinually changing. 

By the moving force acting on a body, we mean the mass moved 
multiplied by the accelerating force, which we shall shortly see, 
by the third law of motion, is proportional to the pressure exerted 
on the body, by whatever means that pressure arises, whether by 
the unbending of a spring, by the attraction of other bodies upon 
it, by the explosion of gunpowder, &c. 

By the momentum of a moving body, we mean the mass of the 
body multiplied by its velocity. The mass multiplied into the 
square of the velocity is called the vis viva of a moving body. 
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As forces are measured by the effects they produce, the 
dynamical measure of an accelerating force must he the velocity 
which it generates in the body in a given time, when uniform or 
constant. Let / represent the force, and let the given time be 
taken as the unit, we have / = the velocity generated in a unit of 
time. Since the force is constant, the same velocity is added in 
every unit of time ; therefore, if v he the velocity acquired from 
rest by the action of the force in t units of time, we have v=ft. 
From the above definitions we see that moving force is measured 
by the momentum generated in a unit of time. 

From the expression v=ft, we have 

.v _ velocity generated in any time 
* t~ time 

When the force is variable , and changing from one instant to 
another, we must take the time indefinitely small; so that, for a 
variable force, we have 

j velocity generated in an indefinitely small time 
' time 

t/—v_8v 

if v = velocity of the body at the time t, and v 1 the velocity at the 
time i 1 indefinitely near to t. 

In the above, it will be shortly Been that we have anticipated 
the first law of motion. 

By the path of a body we mean the line, straight or curved, 
which it describes in passing from one point to another in space. 

The pressure produced by the weight of a body depends 
upon the attraction of gravitation towards the earth, which is 
sensibly different at different parts of the earth, and upon the 
mass of the body; and, varies directly as the force of gravity 
when the mass is the same, and directly as the mass when the 
force of gravity is the same ; therefore, by the rules of algebra, 
when both vary, the weight varies as their product. Let m be 
the mass, w the weight of the body, and g the force of gravity : we 
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have w<xmg; and taking our units of measure of w, g, and m 

accordingly, we may put w=m g, or m= — . 

3 

The relative velocity of two bodies is the velocity with which 
they approach each other, or separate from each other. 

A body is said to move freely when its path depends on the 
action of the impressed forces only. Its motion is said to be 
constrained when its path is limited to be in a given line, 
straight or curved, or to be upon a given surface. A stone 
thrown in any direction from the hand is an example of the 
former; and a pendulum swinging, or a body rolling down a hill, 
are examples of the latter. 


OX THE THREE LAWS OF MOTION’. 

The first law of motion. IV hen a body in motion is not acted on 
by any external force, it will move in a straight line, and with a 
uniform velocity. 

"We may satisfy ourselves of the truth of the first part of 
the law, that the body not acted on by any external force will 
describe a straight line, from the consideration that, whatever 
reason could be alleged for its deviating to one side, ns good a 
reason could be given for its deviating to the opposite ; and since 
it could not move in two directions at the same time, the reasons 
could not be valid, and therefore it would move in a straight 
line only. 

The second part of the law we conclude, to be true by in- 
duction from the results of our experience. If a body be thrown 
along a rough surface, it deviates from a straight path, and soon 
loses all its velocity; if it be thrown along a smoother level 
surface, it moves in a path nearer a straight line, and with a 
velocity more slowly diminished ; if it be thrown along a. sheet 
of ice, it moves very nearly in a straight line, and retains its 
motion for a considerable time. If a heavy ball be suspended 
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by a very fine thread in a vessel from which the air has been 
withdrawn by the air-pump, and it is set oscillating, it remains 
in motion for a very great length of time, although it still 
experiences resistance from the remaining air in the vessel, and 
the want of perfect flexibility in the thread. We therefore con- 
clude that if we could remove all the resistance to a body in 
motion, it would retain its velocity unchanged. 

The second law of motion. If several forces act upon a body 
at the same time, each produces its full effect in the direction of 
its action, whether the body be at rest or in motion. 

We see this to be true when a ball is rolled along the deck 
of a vessel moving uniformly in smooth water: the ball takes 
the same course along the deck as it would if the vessel were at 
rest; and if it struck any body in its motion, the forces called 
into play in the collision would produce the same effects in the 
two cases. If a body be let fall from the top of the mast, it 
falls to the foot of the mast, whether the vessel be at rest or in 
motion. A more complete proof is afforded by experiments 
with the pendulum. Whatever be the vertical plane in which it 
oscillates, at the same place on the earth’s surface, whether north 
and south, east and west, or in any other azimuth, the time of 
oscillation is the same ; showing that the effect of gravity on the 
pendulum is unaffected by the rotation of the earth on its axis, 
and by its motion in its orbit. 

The third law of motion. When a pressure acting 
puts it in motion, the moving force, measured by the 
■momentum generated in a unit of time, is proportional 
to the pressure. 

This law is proved experimentally by Atwood’s 
machine, which consists of a pulley A, having its axle 
resting on two friction-wheels at each end, as repre- 
sented by the dotted circles. These friction-wheels 
have their pivots, or axles, accurately and delicately 
supported, so that the pulley A may be subject to as little 
effect of friction as possible. A clock which goes for 
a few minutes, with a second’s pendulum and dead- 
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beat escapement^ is connected with the frame-work supporting 
the machine. 

Let P and Q be the weights of the bodies suspended from 
the ends of the cord passing over the pulley A. If P=Q, they 
will balance; but if one (P) be greater than the other (Q), it 
will descend and draw the other upwards, with a force=P— Q, 
which is the pressure setting in motion the masses of P, Q, and 

P 0 

of the wheel-work A. The masses of P and Q are — and — 

9 9 

respectively. Let I represent the inertia or mass of the wheel- 
work, acting upon the cord connecting P and Q. 

PmO 

The whole mass set in motion = — +/, and the pressure 

9 

producing motion=P— Q. Now it is found that when these 
two quantities are kept in the same proportion to each other, 
the velocity acquired in a unit of time is the same; or the 
pressure varies as the mass moved, when the velocity is constant 

If part of Q be taken successively away and added to P, so 
that the mass moved remains the same, it is found that the 
velocity acquired in a unit of time is proportional to P — Q; or 
the pressure varies as the velocity acquired in a unit of time, 
when the mass moved is constant. 

When both the mass and velocity change, by the rides of 
variation, we have generally, 

pressure varies as mass moved multiplied by the velocity 
generated in a unit of time, 
varies as mass multiplied into accelerating force ; 
varies as moving force. 


ON THE PARALLELOGRAM OP VELOCITIES. 

1. Prop. If two velocities be impressed vpon a body at the 
same instant, the actual velocity of the body will be represented in 
direction and magnitude by the diagonal of the parallelogram 
formed upon the lines representing the impressed velocities. 



121 


DYNAMICS. 

- Let a body at A have a velocity 
impressed upon it which would carry 
it with a uniform motion from A to 
B in a' given time, and another velo- 
city at the same instant which would 
carry it similarly from A to C in the 
same time. If we complete the pa- 
rallelogram ABDC, the actual path of the body will be the dia- 
gonal A D, described in tbe same given time. 

By the second law. of motion each velocity is impressed in- 
dependently of the other, and if the body had passed over the 
spaces A c u A Cj, Ac a in any times in the direction of A C, it 
would have passed over the spaces c l b v c^b 2> c a b a parallel to A B, 
in the same times respectively ; so that the latter spaces bear to 
the former respectively the same ratio that A B bears to A C, 
and therefore the points 6„ b v 6 S will be all in the straight line 
AD, which is the diagonal of the parallelogram. The body 
will also have arrived at D in the same time as it would have 
passed over either of the spaces A B or A C. 

2. Prop. Having given a velocity, to find the component 
velocities in any directions at right angles to each other; and 
having given two component velocities at right angles to each 
other, to find the resultant velocity of a body. 

. Let Ax, Ay be the directions, at v 
right angles, in which the components 
are required. Let A D represent the 
velocity (t>) of the body in direction 
and magnitude, a tbe angle which 
AD makes with Ax. If we com- 
plete the right-angled parallelogram 
ABDC, the side AB will represent 
the velocity (a) in Ax, and A C (6) 
that in Ay. 

Then AB=AD cos a A C=A D sin a 

a=ucosa sin a. 

Again, if the components a and b in Ax, Ay are given to 




or 
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find the magnitude 
have 

and 

We have seen in Statics that if two bodies are in equili- 
brium from their mutual pressures, their actions upon each 
other must be equal and opposite; so also with two bodies in 
which motion takes place, the mutual pressures or actions are 
equal and opposite. By the third law of motion, the moving 
force is proportional to the pressure ; and hence when two bodies 
move by the effect of their mutual actions, the moving force pro- 
duced in each of the bodies is the same in magnitude, but oppo- 
site in direction. 

This consequence of the third law of motion is called the 
principle, that action and reaction are equal and opposite, each 
being measured by the momentum generated in a given time, 
the effect being considered uniform during that time. 


and direction of the resultant velocity r, we 
v-=a~-{-b' 2 


tan«=- as required. 



CHAPTER II. 

ON THE IMPACT OR COLLISION OF BODIES. 

When two' bodies in motion impinge, they exert a mutual but 
varying pressure, during an interval of time which is generally 
very short. The .forces called into play are subject to tbe prin- 
ciple that action and reaction are equal and opposite ; and since 
this is true at each instant of the mutual pressures, the whole 
effects of the impulsive forces will be subject to the same principle. 

When it is the final and completed result that we require, 
we have only to consider the mutual pressures in the collision to 
have produced their full effect and to have ceased; we can, how- 
ever, find the circumstances of the motion of the bodies during 
the short interval of mutual pressure, by employing a higher 
analysis than can be admitted in this treatise. For example, 
if the mutual pressures of 
the'bodies A and B in the 

figure acted by a spiral \_Jr' 0000 0000 \^J 
spring of known elasticity, 

the circumstances of the motion of each body during the com- 
pression of the spring are easily determined. 

When natural bodies impinge, we have a similar case to the 
one just taken for example. 

If two surfaces of india-rubber be pressed against each other, 
we sec them flattened by the pressure, but recover their former 
shape as the pressure is removed. Although not so perceptible, 
the same takes place in other elastic bodies. 

During the impact of two elastic bodies, the force urging 
them towards each other is called the force of compression ; and 
the opposing force, causing them to separate again, is called the 
force of restitution. The ratio which the force of restitution 
bears to the force of compression in any bodies of the same ma- 
terial or substance, is nearly the same for all degrees of comprcs- 
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sion, and measures the elasticity of the substance. The value of 
this ratio is called the modulus of elasticity. 

The -whole force of compression is measured by the momen- 
tum destroyed during the approach, and the whole force of 
restitution by that generated during rebounding; and the mo- 
mentum destroyed or generated in one of the bodies equals that 
destroyed or generated in the other, because action and reaction 
are equal and opposite. 


Let e be the modulus of elasticity of two bodies whose masses 
are A and B, which, moving with their centers of gravity in the 
same straight line, meet directly with the opposite velocities a 
and b, and rebound with the opposite velocities d and V respect- 
ively : let v be the velocity supposed in the direction of a, common 
to both bodies at the instant when compression ends and rebound- 
ing commences ; we have 


, . „ . whole force of restitution 

modulus of elasticity = , . 7 - = — 

J whole force of compression 

__ momentum generated in either A or B in rebounding 

— momentum destroyed in either A or B during compression 

which gives us 




A{d + v) 
A[a—v ) 
B{V-v) 


and — B(b+v) 

Adding, we eliminate v, and have 


or 


or 


ea— ev=d A v 
eb + ev—B— v. 


d -\-V 

C— a + b 

_ velocity of separation 
— velocity of approach 

so that when experiments are tried in which the velocities of 
rebounding can be determined for any given velocities of impact, 
the above ratio gives the modulus of elasticity. 

Bodies suspended by fine cords, and allowed to oscillate in 
circular arcs of given radius about a fixed point as center, 
acquire, as null be shown in the chapter on constrained motion, 
velocities at the lowest point which are proportional to the chords 
of the arcs fallen through, and similarly they ascend through arc3 
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of which the chords are proportional to the velocities impressed 
upon them at the lowest point of the arcs. They are also shown 
to fall down all small arcs of the same circle in the Bame time. 
If two bodies be suspended in this manner, so as to impinge 
at the lowest points of the arcs they describe, and be let fall 
simultaneously from given points, we know the velocities with 
which they impinge, and by observing the arcs through which 
they ascend after rebounding, we know the velocities of re- 
bounding, and so have sufficient data to determine the .modulus 
of elasticity. 

All known solid bodies are imperfectly elastic ; that is, in all, 
the force of .restitution is less than the force of compression; but 
we have none without some force of restitution, or which are per- 
fectly non-elastic. Erperiments to prove the mathematical results 
for the impact of non-elastic bodies require to be tried with balls 
of soft clay recently worked up, so that they adhere together after 
impact, or balls of wood with metallic spikes fixed in one of them, 
which entering the other ball prevent them separating again after 
impact. 

We are indebted to the excellent experiments of Mr. Eaton 
Hodgkinson for our more accurate knowledge of the properties of 
impinging bodies. The following Table of Moduli, and the rule 
for bodies of different hardnesses, are from his results : — 





1^6 ELEMENTARY MECHANICS. 


In the impacts between bodies whose hardness differs in nny 
degree, the resulting elasticity is made up of the elasticities of 
both, according to the following formula : 

modulus of elasticity from both = ^ 

■ h+h! 


where It and ll are the relative hardnesses, and e and 4 the moduli 
of elasticity respectively of the bodies. Or putting the compres- 
sibility =c=£, and c , =J ? , then the modulus of elasticity 


ce-f-cV 

c+4 


From this rule, it results that if one of the bodies is much 
harder than the other, the effective elasticity is that of the softer 
body nearly. 


3. Prop. To find the common velocity of two non-elastic spherical 
bodies after direct impact. 

Let A and B be the masses 
of the bodies as in the figure, 
mo\ing in the line joining 
their centers as indicated by the arrows, so that they impinge 
directly , and not obliquely, when A overtakes B. 

Let a be the velocity of A, b of B, and a greater than b. Let v 
be the velocity after impact, which is to be found. The velocity 
lost by A is [a— v), and that gained by B is (v— b). 

Since action and reaction are equal and opposite, we have the 
momentum lost by A equal to the momentum gained by B , or 

A(a—v ) =B(v—b ) 

Aa + Bb 

whence *= A~AB~' 

When the bodies arc moving in opposite directions, we must 
take the velocities with contrary signs. Let B’s velocity be —b, 
we have 

A a—Bb 

If A a—Bb, then f=0, or the bodies remain at rat after 
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impact. If B b is greater than A a , then t> is negative, or in the 
direction of B’a motion. 

4. Prop. The velocities of two imperfectly elastic spherical 
bodies of the same substance which impinge directly being given, it 
is required to find their velocities after impact. 

Referring to the figure of the last Prop., let A and B be the 
masses of the impinging bodies A and B ; let a, b be their velo- 
cities respectively before impact; d, U those after impact, which 
are to be found. 

Then, if e be the modulus of elasticity of the bodies, we 
have 

_ velocity of separation 
— velocity of approach 

Jlrf 0 ) 

and momentum lost by A=A(a—d) 

momentum gained by B—B(B—b). 

Since action and reaction are equal and opposite, we have 
A{a-d)=B{l/-b). (2) 


Substituting in (2) the values of V and a' successively from (1), 
we have 

,_Aa + B b Be{a — b) 

~ A + B A + B 
y _A a + B b e(a — b) 


A + B 


A + B 


If B he moving in the opposite direction to A, and we con- 
sequently take its velocity negative and equal to — b, the expres- 
sions become 

,_Aa — Bb Be{a + b) 
a ~ A+B A + B 
y_Aa—Bb^Ae{a+b) 


A + B 


A + B 
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If B were at rest, or 5=0, the expressions become 

, a(A-Be) 

A-{-B 

} j — Aa ( l +<0 

A + B 

"We see that V can never in this case =0, but d will =0 if 

A 



If in the preceding expressions we put e=l, the results will be 
those for perfectly elastic bodies. . 

If we take A— B, and e=l, when the bodies meet, moving in 
opposite directions with any velocities a and 5 respectively, we have 
the expressions becoming 

a!—\{a—b) —%(a + b) — —b 
5'=i(fl-5)+i(a + 5)=a 
or in direct impact the halls exchange velocities. 


If we have a series of n perfectly elastic and equal balls ar- 
ranged in one straight line, and the ball at one extremity he pro- 
jected against the 
next, each ball will 
remain at rest after striking the succeeding one until we come to 
the last, wliich will fly off, having the velocity with which the 
first was projected. It is immaterial at what distances the balls 
be placed ; and if in contact, the impinging of the first ball ap- 
pears to produce no visible effect but causing the last one to fly 
off with its velocity of impact, the others remaining stationary. 
The same holds good for imperfectly elastic balls, if each bears 
to the one it strikes the ratio e:l, as we see above in the case of 



— ='e, when c / =0 whatever a may be, when 5=0; also U—ae, or 
the velocity of each ball is less than that of the preceding one. 


5. Pnor. If any two spherical bodies of the same substance 
impinge directly, the motion of their center of gravity after impact is 
the same as before impact. 

Since the bodies impinge directly, their common center of 
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gravity, both before and after impact, will be always in the line 
joining their separate centers of gravity ; or its motion will he 
always in this line. 

Let u be the velocity of the common center of gravity of the 
bodies A and B, moving in the same direction with velocities a and 
b respectively, before impact. 

Let w u x v x be the distances of the centers of A and B, and of 
their center of gravity, from any fixed point in their line of motion, 
at any instant; x Xi x 2 ', a 7 the same quantities after an interval of 
time t, so that 

x 1 '=x J + at 
xj=x 2 + bt 
x 1 =x + ut. 

By the properties of the center of gravity (articles 34 and 1G in 
Statics), we have 

(A+B)x=Ax i + Bx 2 ■ (1) 

{A + B)x ! — Ax x ' + Bx 2 

or substituting for a?, x x , x 9 ' the values above, the latter equation 
becomes 

(A -f B) (5 + u t ) = A + a t) + B{x 2 + b t) . 

Subtracting (1) from this, we have 

A a + B b 

«= — j 

A + B 

which is the same as the velocity of the center of gravity of non- 
elastic bodies after impact. 

Let «' be the velocity of the center of gravity of the bodies after 
impact, when imperfectly elastic; we have similarly, 

, Ad + Bb’ 

« — — 7 vr— • 

A +B 

Substituting the values of d and U from article 4, we have 
, A / Aa + Bb B e(a—b )\ B ( Aa + Bb Ae(a-b)\ 

_A a+B b 
~ A + B ~ 

=u 

or the velocity' of the center of gravity is unchanged by impact. 

K 
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When a body impinges against a fixed plane surface, we can 
determine its motion after impact, if the direction of the motion 
and velocity before impact be given, together with the modulus of 
elasticity between it and the plane. 

The angle which the direction of the motion before impact 
makes with Vac perpendicular to the surface at the point of impact 
is called the angle of incidence ; and the angle which the direction 
of the motion after impact makes with the same line is called the 
angle of rebounding or of reflexion. 

6. Prop. If a smooth non-elastic body impinge on a smooth, non- 
elastic, hard, and fixed plane, it will, after impact, slide along the 
plane. 

Let the body A impinge upon the 
plane B C at B, making an angle or with 
B N, the perpendicular to the plane at 
B ; let the velocity of A be ». 

The component of v parallel to the 
plane=v sin a; this will not be changed 
by the impact, since the ball and the plane arc smooth. The 
velocity perpendicular to the plane after impact will be nothing, 
since there is no elasticity; therefore the body after impact w r ill 
slide along the plane with the velocity v sin a. 

7. Prop. To determine the velocity and direction of motion after 
impact, when an imperfectly elastic spherical body impinges obliquely 
on a smooth, hard, and fixed plane. 

Let the body A in the figure impinge 
on the plane B C at B, making the 
angle of incidence ABN=a; let u'= 
the angle of reflexion NBD. 

Let the line PB represent v the 
velocity of the body before impact; 
draw P N parallel to B C, then P N represents the velocity of 
the body parallel to the plane =v sin a, and B N represents the 
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velocity perpendicular to the plane=vcosa. If e be the modulus 
of elasticity between the body and the plane, the velocity perpen- 
dicular to the plane after impact will be e v cos a = M B, if we 


, . MB 
tate NB ='• 


From M measure M Q=NP, the parallel velocity, which is 
unchanged in impact, since the plane and body are smooth; BQD 
is the direction of the motion after impact, and the line B Q repre- 
sents the velocity. Now 

B 02=11/ Q 2 + B M 2 

=u 2 ain 2 a -f e 2 ^ 2 cos 2 a. 


Or if u be the velocity after impact, we have 


Also 


u—Vy sin 2 a + e 2 cos 2 a. 


tan a f = 


M Q PN 
MB~ e.NB 


^_tan a. 
e 


which give the direction of the motion and the velocity after 
impact. 


If the elasticity be perfect, or e=l, we have 
ol—a. and u=v. 


8. Prop. To find the path of a body which , having passed 
through one given point, after rebounding from a given plane passes 
through another given point. 


Let MBE be the given plane; 
A the point through which the body 
is projected; D the point through 
which it passes after rebounding from 
the plane. 


Draw a perpendicular AMC to c 
the plane through A, and if e be the modulus of elasticity be- 

MC 



tween the body and the plane, take 


A M 


Draw through the 
k 2 
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points C and D the line CBD, cutting the plane in B. Join A B; 
then A B, B B is the path required, or the body projected from A 
in the direction A B will rebound in the direction B D. 

For the angle of reflexion DBN =' angle BCM, and angle of 
incidence ABN= angle BAM , 

.*. tan DBN= tan BCM 
_BM 
~MC 
_ BM 
~e.MA 
_ta.nABN 
e 

or the angles ABN and DBN have the required relation as found 
in the last proposition. 


EXAMPLES IN IMPACTS. 

Ex. 1. Two bodies A and B, whose elasticity is m, moving in 
opposite directions with velocities a and l, impinge directly upon 
each other; show that their distance at a time t after impact is 
tm{a + b). 

Ex. 2. If two perfectly elastic balls, whose masses are in the 
ratio 1 : 3, meet directly with equal velocities ; show that the 
larger one remains at rest after impact. 

Ex. 3. Wien two perfectly elastic bodies impinge directly, show 
that the sum of the vires vivee after impact equals their sum before 
impact ; or prove the expression 

Aa- + BU i =Aa! 2 +BV\ 

Ex. 4. 'When two perfectly inelastic bodies, A and B, moving 
in the same direction, impinge, show that 

A+B : A : : relative velocity before impact : velocity gained by B. 
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Ex. 5. An imperfectly elastic ball is projected from a point in 
tlie circumference of a circle, and after twice rebounding from the 
circle returns to the same point again ; show that the direction of 
projection mates an angle a with the radius drawn to the point of 
projection which is given by the equation 



CHAPTER III. 


ON UNIFORM ACCELERATING FORCES AND GRAVITY. 

According to the definition of a uniform accelerating force in 
Chapter I., the velocity generated by it in the same time is always 
the same, and by the second law of motion, is unaffected by the 
previous motion of the body. If we put /= tbe force, measured 
by the velocity it generates in a unit of time, we shall have the 
velocity generated in t units =/ 1. "Writing v for this velocity 
acquired by the body at the end of the time ^ from rest, we have 
therefore. 

v—ft. 


9. Prop. To find the relations of the space, time, and force 
when a body moves from rest under the action of a uniform 
accelerating force. 


The velocity of the body is continually increased from 0 up to 
ft, if / be the time and f the force. Let s be the whole space 
described in the time t and let t be divided into n equal intervals. 


each =-. The velocities at the end of the times 
n 


£ 2t 3/ 4t . ' (n — 1)/ 

n’ n } n’ n ’ ' ’ ’ i 




will be respectively 


si s% fii. / 


it 



Now if the body moved uniformly during each interval of time with 
the velocity it had at the beginning of the interval, from the expres- 
sion space = velocity x time, we should have the whole space s 
equal to the sum of this scries : 



DYNAMICS. 


135 


n JJ /*, -3 i 2 „ ,(n — l)/ a 

°+/r 4 +/V+/— + &C. • • +/- Y 1 - 

rr'rr n 1 rr 


— /^{l + 2 + 3 -f &c. 

-f^ 8 , «(»—!) 

V* 2 


+ («-!)} 


2 2n* 

If the body had moved uniformly during each interval of time 
with the velocity it had at the end of the interval, we should have 
s equal the sum of this series : 

/ 9 + &c +/ — +/yy 


—f^q(l+2 + 3+&;C. . . . + 71 ) 

_ffi (n-fl)n 
n a • 2 

_/£ ,ff 

~ 2 + 2n* 

Since the velocity is continually accelerated, the true value of s 
will be between these two quantities, however small each interval 
may be, or however great n may be ; but when n is indefinitely 
great, the last terms in each of the above expressions vanish, and 
we have therefore 

*=*/* 


10. Between the two equations v—ft, and s=.^fp, we may 
eliminate either /or t, and thus obtain 

tr= 2/s s=^ v t. 

The expression s=£vt shows us that the space described from 
rest by the action of a uniform accelerating force is one-half of the 
space which would have been described in the same time if the 
velocity had been constant and equal to its value at the end of the 
time. 


If we put < = 1 in the equation s=£/t s , we have /= 2s; or/ 
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which is the velocity generated by the force in a unit of time, is 
measured by twice the space through which the body falls in a 
unit of time. It is found that a heavy body in our latitudes falls 
through a space of nearly 16T feet in the first second of time; 
therefore, if we put g = the accelerating force of gravity, we have 
g — velocity of 32*2 feet per second of time, or, with the under- 
standing that one second is our unit of time, we write g = 32 - 2 
feet. 

This value of the force of gravity is only an approximate value 
for small heights above the earths surface. . 


Sir Isaac Newton’s law of universal gravitation is, that every 
particle of matter attracts even, - other particle with a force which 
varies directly as the mass of the attracting particle, and inversely 
as the square of the distance. It is also shown that a spherical 
body equally dense at equal distances from its center attracts a 
particle outside its surface as if the matter of the sphere were col- 
lected at its center; so that, considering the earth such a sphere, 
if g be the force of gravitation at the surface, / the force at any 
point exterior to the surface at a distance r from the center, and It 
be the earth’s radius, we have 


f-9 


I JL 

V : i ? 2 


or 


, R 2 



= ^ if P=ffR 2 

g in this expression is called the absolute accelerating force; for it 
is the value of / when r=l. When R is taken for unity, r must 
be expressed in terms of the earth’s radius, and g=g = 32‘2 
feet. 


When r is very near /?, or for small heights above the earth’s 
surface, wc have f=g very nearly, or we mny take gravity as a 
constant, accelerating force in that case. It is found that, on 
account.of the diurnal rotation of the earth on its axis, its figure 
differs sensibly from spherical, being flattened at the poles and 
bulging at the equator, or is an oblate spheroid. The centrifugal 
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force (see article 31), being produced by tbe diurnal rotation, is 
greatest at tbe equator, and is there directly opposed to the force 
of gravity. It is also nothing at the poles. The resultant gravi- 
tation of a heavy body is affected by the direct action of the cen- 
trifugal force, and its indirect action through the change of the 
figure of the earth. The ratio for the equator and poles is as 
follows: 

gravitation at the equator : gravitation at the pole : : 186 : 187. 
We can, for these- reasons, only consider gravity as constant for 
the same latitude on the earth's surface, and for small altitudes 
above it. The direction of gravity at each point on the earth’s 
surface being perpendicular to the surface taken as that of still 
water, does not pass accurately through the center of the oblate 
spheroid. 

11. Prop. A body being projected loith a given velocity u in the 
direction in which a uniform accelerating force f acts, to find its 
velocity, and the space passed over in a given time. 

If v be the velocity, s the space described at the end of the time t, 
we shall have, by the second law of motion, 

v = velocity of projection + velocity from the action of the force 
=u±ft 

where the upper sign is to be taken when the force accelerates the 
velocity, and the lower when it retards it. 

In the same way, 

space described == space due to velocity of projection + the space 
due to the action of tbe force • 

or s=u t±zf{ 1 

the upper and lower signB to be taken as before. 

12. Prop. A body being projected with a given velocity u in the 
direction in which a uniformly accelerating force f acts, to find Us 
velocity when it has passed through a given space. 

Let v be the velocity when the body has passed through the 
space s. 
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Let h equal the space through which the body must pass to 
acquire the velocity u by the action of the force. Then by art. 10, 

u*= 2 fh 

and for the space h+s we have 

f-= 2f(h±s) 

= 2fh±2fs 
=u* + 2fs. . 

The signs to be taken as in the last proposition. 


13. Pkop. To find the time of flight or of ascent and descent 
of a body projected in an opposite direction to the action of the 
force . 


Let the body be projected from A with a velocity u. 
After ascending to some point B , it will return to A 
again. From the expression v=u—ft , we have for 
t — 0, or at time of projection v—u ; at B, the highest 

point, »=0, or time of ascent; when t—‘~,vrc 

have»=u— f(~f') = — u > or the velocity acquired in 

descending during any time is equal to the velocity 
lost in the same time in ascending. 


Also, from v 2 =u 2 — 2/s, we have s — 


u ~ — tr 


2 / 


or s 


A 


is the same when v is the same; if A C=s, we have the velocity 
at C the same when the body is ascending as when it comes to the 
same point again in descending ; and the time in passing from C to 
B in the ascent is the same as in falling from B to C in the 
descent. 


Consequently the whole time of flight from leaving A to coming 


to it again is 


/' 


If »r > u 9 , s is negative, and must be measured below A. 
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EXAMPLES ON THE DIRECT ACTION OF GRAVITY AB A CONSTANT 
ACCELERATING FORCE. 

Ex 1 . Find the velocity a stone will acquire in falling during 
four seconds by the action of gravity near the earth’s surface. 

In the expression v=gt, we have here i = 4, g— 32-2 
.-. v=4x 32-2 = 128-8 

or the stone has acquired a velocity of 128-8 feet per second. 

Ex. 2. Find the space the stone in the last question had fallen 
through in three seconds. 

Using the expression s=^g( s , we have 

space required = f x 32-2 x 3 s 
= 144-9 feet. 

Ex. 3. Find the velocity the same stone had acquired when it 
had fallen through a space of 160 feet. 

The expression v 9 = 2gs gives us 

v 9 = 2 x 32-2 x 150 
=96j50 

or i>=98-8 feet per second nearly, which is rather more than the 
velocity which would he acquired in three seconds. 

Ex. 4. A heavy body is projected directly downwards with a 
velocity of 100 feet per second; what is its velocity at the end of 
five seconds ? 

The formula v=u-\-gt gives 

r=261 feet per second. 

Ex. 5. A heavy body is projected directly upwards with a 
velocity of 100 feet per second ; find its velocity at the end of five 
seconds. 

We have now the expression 

v—n —g i 
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and here 


100—32-2x5 
= -61. 


The negative sign shows that the body is coming down again, and 
the velocity is 61 feet per second. 

Ex. 6. Eind how long the body in the last question continued 
to ascend. 


At the highest point the velocity = 0 


or 


0 = 100 -32-2 x/ 

seconds. 

32*2 


Ex. 7. To find the height to which the body in Ex. 5 ascended. 


The formula for this case is v 2 =u 2 — 2 gs, and at the highest 
point »=0 .*. s: 


if 


or 


space ascended 


100 2 


2x32-2 
=155-2 feet. 


Ex. 8. A body is projected vertically upwards, and returns to 
the same point in ten seconds; show that the velocity of projection 
was 161 feet per second. 


Ex. 9. Show that when a body falls from rest by the action of 
a uniform accelerating force, the spaces described in successive 
equal intervals of time are as the series of odd numbers, 1, 3, 5, 
7, 9, &c. 


Ex. 10. A stone being let fall into a well, it is heard to strike 
the water in T seconds; required the depth of the well. 

Let 5 be the depth of the well, m the velocity of sound = 110 
feet per second nearly. 
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Then T— time of the stone falling + the time of sound returning. 

/E s 

9 




or 


m 

s-f Vs. — ;= — m t 
Vg 


a quadratic equation in Vs ; whence 


Vs 


-V 


Tm+ 


r 


m 


2 g V2g 

which gives s, and the upper sign only is admissible. 


Ex. 11. A body is thrown vertically upwards with a velocity u ; 
find the time of its being at a given height h. 

Let t be. the time required, 

h—ut—^g'fi 

whence f 9 — +— =0 

9 9 

or t- U ~ K/u '~~ 2 9 h 

9 

The lower sign gives the time as the body ascends, and the upper 
sign the time as it comes down again, when at the height h. At 
the highest point there will be only one value of t, and 

.•. Vu l —2gh=0, or 

as we should find by other modes. 

Ex. 12. A body of given elasticity is projected upwards with a 
given velocity u to strike a horizontal plane, and in t seconds 
returns to the point of projection ; required the distance of the 
plane from that point. 

Let the body he projected from A 5 

with the given velocity u, and strike 
the horizontal plane at B with the ve- 
locity v. 

Let the velocity of rebounding at B a 

be -9, and the modulus of elasticity be e. . . 
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Let A B=s, 

the distance which is to he found. 


Let /j be the time of ascending to B. 

- 

)} ^2 » 

„ descending from B to A. 


Then 


(1) 

and 

v=u~gt x 



t/=e® 



<=>> 

1 

Aj 

II 

(2) 


g = K ^ 

=rf to+^gtj. 

Substituting for 1 / and f 2 their values from (2) and (1), we have a 
quadratic equation in t x which, gives 

u +9 *±\/ (m+^0 2 - Y^rjeut+^gfi) 

Substituting this value of t x in the expression 
s=ut x —lgtf; 

we have s as required, the lower sign only being admissible. 


Ex. 13. Show that a body falling by the action of gravity 
acquires a velocity of 1000 feet per second in 31 seconds nearly. 

Ex. 14. Show that if a stone be thrown directly upwards with 
a velocity of 40 feet per- second, it is returning down again after an 
interval of 1^ seconds. 

Ex. 15. Show that the stone of the last example would ascend 
to a height of 24'8 feet. 

Ex. 16. An imperfectly clastic ball falls upon a hard floor from 
a height h, show that it will rebound to a height e 2 h. 

Ex. 17. A stone falling from a steeple passes through the last 
^ of the height in Mb of a second ; show that the height of the 

steeple is Hr (7 + 4^/3). 



CHAPTER IV. 


ON PROJECTILES. 

In the last chapter the motion of a body projected vertically 
upwards or downwards, under the action of gravity, was considered, — : 
the whole motion taking place in the vertical line through the 
point of projection. When the direction is any other than vertical, 
the path of the body is an arc of the curve called the parabola. By 
the second law of motion, gravity produces its full effect indepen- 
dent of the motion of projection : and we may consider the latter 
as compounded of a horizontal and vertical motion. The latter of 
these only can he affected by the action of gravity on the body. 

14. Proe. To determine the path of a body projected in a given 
direction, with a given velocity, under the action of gravity. 

Let v be the velocity of projec- 
tion from the point A, in the 
direction ATf, and let t be the 
time in which the body would 
have described the space A T 
with the uniform velocity v, if 
gravity had not acted. 

If TP be the space due to 
the action of gravity in the time 
t, P will be the actual place of 
the body. 

Now, AT=.vt ,PT=^gP 

eliminating t, AT 2 =^-PT. (1) 

9 
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If -SVC draw AVA a vertical line, and taking A V=P T, com- 
plete the parallelogram ATPV, we have A V=A, P V—if, the 
oblique co-ordinates of the point P. 

Let also h he the height from which the body must fall to 

t?- 

acquire the velocity v, or //=— - 

2 ff 

we have from (1) =4 h a/ 

which, as seen in treatises on conic sections, is the equation to a 
parabola whose axis is parallel to A a!, and therefore vertical, A ij 
a tangent at the point A, and h the distance S A of the focus, and 
also of the directrix from A. With these data the parabola to 
represent the path of the body can be described. 

15. Piior. To find the equation to the path of a projectile when 
referred to axes of co-ordinates which arc horizontal and vertical. 


Let v be the velocity of pro- 
jection in the direction AT, 3 
which makes with Ax the 
angle of elevation of the pro- 
jectile TAx—a. Let APB 
be the path; and A M—x, 

P M=ij the co-ordinates of 
any point P. Let t be the 
time in which the body de- 
scribes the arc AP ; and let P M produced meet A T in T, wc 
have 

AT=vt ' TP — \gf- 

AM—x—vte.o’io. P M—y=zvts\na— hg (*. 

Eliminating t, we have from these equations 



»/=.rtan« 


° 9 

Z'll r 9 COS 2 a 


the equation required; or substituting, as in the last Prop., , 


wc have 


j/=.rtan a 


4 h cos 9 u 
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Definitions. The horizontal range of a projectile is the 
distance AB from the point of projection to the point where it 
strikes the horizontal plane in its descent. The time of flight is 
the time it takes in describing APB. 

16. Prop. To find the time of flight of a projectile on a hori- 
zontal plane. 


We have generally, as in the last proposition, 

2 /=ti t sin a —\gt? 

and if we put y =0, or v t sin a— \g ^=0, the result will apply to 
the points A and B only ; and the values of t are 

t — 0 at the point A 


2 v sin a 
9 


at the point B 


which is therefore the time of flight required. 


We should have arrived at this result by the same method as in 
article 13, by putting for u the vertical component of the velocity 
of projection, v sin «. 


17. Prop. To find the range of a projectile on a horizontal 
plane. 

If we put y — 0 in the equation 

, x*.g 

y=.Ttana — — = — ^-=— 
y 2u 2 .cos 2 a 


we have 


0=a?tan a—xr- 


2 v 2 cos 5 a 


The result, as before, applies to the points A and B, and 

x=0 at the point A 

2 tr sin a cos a , ,, . , 

x = — : — at the point B 


or 


AB-- 


9 

a 2 sin 2 a 


= 2 //sin 2 a 

which is the horizontal range required. 


This value of A B varies with the angle of elevation a, and is 
greatest when sin 2a=l, or a =45°, v remaining the same. 
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Since sin^+fl^=sin^— 6j 

or sin 2 ^45°-f|^ = sin 2^45°— 

6 6 

if we put either 45° + ^ or 45°-- for a in the equation for 

AB, we have the same re- 
sult; or as in the annexed 
figure, if A B be the greatest 
range of a projectile when 
the angle of elevation is 45°, 
we shall have AB a less 
horizontal range correspond- 
ing to either of the paths 
APB 1 or AP n B', when the 
elevation of one was as much 
above 45° as that of the other was below it. 

Wc see that the horizontal range is the space which would be 

described with the uniform horizontal velocity v cos a, in the time 

- a . 2 v sin a 

of flight — 

9 

18. Prop. To find the greatest height which a projectile 
attains. 

The greatest altitude is evidently the value of y at the middle 
point of the path above a horizontal plane, or when the time is 

one-half of the time of flight, or t—- 




Patting this value of l in the expression 
y=vt since — ^gtr 


we have the greatest altitude = 


v 1 sin- a. ,c-sin-a 


tr sm 2 a 


9 

— h sin 9 a. 


Comparing this expression with s—-—, wc sec the 

** 9 < 
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greatest altitude the projectile attains is that to which it would 
rise by the vertical component v sin a of the velocity of pro- 
jection. . 

19. Prop. To show that the velocity at each point of the para- 
bolic path of a projectile is that which would be acquired in falling 
directly from, the directrix. 


In article 14 it was shown that if It be the height due to the 
velocity of projection, it is also the distance of the point of projec- 
tion from the directrix of the parabola described. Now if any 
point in the parabola were taken for the point of projection, and a 
body, were projected from it with the same velocity and direction 
which it has in the parabola, it would describe the same parabola ; 
and therefore what holds for the point of projection holds also for 
all other points of the path. 

20. Prop. To find the point where a projectile will strike an 
inclined plane through the point of projection, and its distance, or the 
range on the inclined plane. 


Let y—x tan ft he the equa- » 
tion of the line A C, which is the 
intersection of the inclined plane 
with the vertical plane in which 
the body is projected. 

Combining this with the equa- 
tion of the path of the projectile a 
in article 15, namely, 



y=fftana— -rr 3 — 

J 4 h cos 4 a 

we have the co-ordinates of the point C 

. , cos a. sin (a— ft) 

x=4h 4 

cos ft 

. , cos a. sin ft. sin {a— 8) 

y=4h - 

* cos 2 ft 

and the distance AC=^/ ar+y°=XBCC ft 

, cos a. sin {a— ft) 


=4 h- 


cos 2 yS 


L 2 
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EXAMPLES IN PROJECTILES. 

Ex. 1. Two bodies are projected from tbe top of a tower with 
the same given velocity at different given angles of elevation, and 
they strike the horizontal plane at the same point. Required the 
height of the tower above the plane. 

Let A be the point of pro- 
jection, and B the point where 
the bodies strike the horizon- 
tal plane. 

Since the velocity of pro- 
jection is given, h, the height 
from which the bodies must fall to acquire it, is known. Let a. 
and y9 be the given angles of elevation. 



We have to find —y, the height of the tower, by eliminating x 
from the two equations, 

ar 

—y—x tan a-— (1 + a ) 

a? 


—y=.xi an/S— - 7 -r(l+tan 9 yS) 
4 ? ti 


which give 

the height required. 


4 h 


y= 


(tan a + tan /S) tan (a +/3) 


Ex. 2. Find the angle of elevation at which a body must 
be projected with a given velocity’ in r 
order to strike the summit of an ob- 
ject whose height and distance arc 
given. 

Let A be the point from which 
the body is projected to strike the 
point B, whose co-ordinates are x—a, y~b. 



Putting these values in the equation to tbe path of the projectile, 
we find 

2^4- V4 h{h—b)—a°- 
tan «= — — — - — 


a 
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Ex. 3. Show that the latus rectum of the parabolic path equals 
four times the space through which the body must fall to acquire 
the horizontal component of the velocity of projection. 

Ex. 4. Show that the time of flight on an inclined plane is 
given by the expression 

4 A sin («— /9) 
v cos /9 


Ex. 5. > A body is projected with a velocity due to the height k } 
at an elevation a . ; show that it ranges on a horizontal plane elevated 
a height H above the point of projection to a horizontal distance 
from that point 

= h sin 2 ctj 1 + \ / 1~~— S-i 
V A sm* aj 

and that the time of flight is 



CHAPTER V. 


ON CONSTRAINED MOTION. 

When a body acted on by any force is constrained to move in 
some particular manner, as, for instance, when a body falls down 
an inclined plane, or a curve, or swings as a pendulum, we call it 
a case of constrained motion. 

21. Prof. To determine the relations of the lime , space, and 
velocity when a body falls by the action of gravity down an inclined 
plane. 

Let the body fall from the point 
B, down the inclined plane A B, 
whose inclination to the horizontal 
line A C is a. 

A 

Let a be its position at any time 
t from rest, Ba=s } c= velocity at a. 

The force f which urges the body down the plane is the resolved 
part of gravity in that direction, or 

f—g sin « 

which being a uniform force, we have only to put the value in the 
expressions found in articles 9 and 10, for the required relations 
of s, /, and v. 

The expressions v—ft , s={ft 2 , v?=2fs become respectively 
r=ysin«.t, s=,T^sin«.t 2 , r 9 =2ysm«.s, from which the whole 
circumstances of the motion can be determined. 

22. Prop. To show that the velocity acquired in falling doom an 
inclined plane is the same as would be acquired in falling down the 
perpendicular height directly. 
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When the body arrives at A, the space described is AB) 
putting this value for s in the expression r?z=2g sin cc.s, we 
have 

® s =2 g . A Bsw a 
=2 g . B C 

the expression when the body falls directly through the height 
B C of the plane. 

23. Prop. To show that the times down any inclined planes 
are proportional to the lengths of the planes, token the height is the 
same. 


BC 


Putting AB for s, and -^-g for sin a in the expression 
s—ig sin ct.fi, we have 




or 


'=^V ; 


2 


g.BC 

a AB when B C is -constant. 


24. Prop. To find the relations of the time, space, and velo- 
city when a body is projected directly tip or down an inclined 
plane. 

Putting for / its value g sin a, on an inclined plane, in the 
expressions of articles 11, 12, and 13, we have 

v—u±f t becoming on the inclined plane v=u+g t sin a 
s=tit±^fi 2 „ „ „ „ „ s=ut±igt i sin a 

t) s =« s +2/s „ „ „ „ „ tr~ti i + 2gs sin a. 

25. PRor. To show that the limes of 
a body falling down all the chords of a 
circle, in a vertical plane, drawn from the 
highest or to the lowest point, are the same. 

Let AD be the vertical diameter of the 
circle, AB a chord down which a body falls 
by- the action of gravity. Draw B C hori- 
zontal. The accelerating force acting on 
the body is 
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' AC 

f ^AB' 


Putting s=AB in the expression s=J//*,.\re have 

AB =i^ ■ . 

or p—--—, 

9 AC 


=-AD 

9 


since AC : AB :: AB : AD 


in a circle ; or the time down any chord is the same as that down 
the diameter. The same relation evidently holds also for all 
chords drawn from the circle to the point D, as, for instance, 
DE or BD. 


26. Prop. Two bodies hang from the extremities of a cord 
passing over a pulley ; to determine the motion. 

We shall first suppose that the weight of the pulley 
may he neglected. 

Let P and Q be the weights of the bodies, of which 

P Q 

P is the greatest ; their masses are — and — respect- 
ively. If the weights are equal, the bodies will balance, 
and no motion will ensue ; but if one is heavier than the 
other, it will descend and the other rise through an equal 
space. The force which produces motion is the difference of the 
weights, which, being a moving force, equals the accelerating force 
multiplied by the mass moved. 



Let / be the accelerating force, we have 


This being a constant accelerating force, we shall have the 
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circumstances of the motion by substituting its value in the ex- 
pressions v—ft, s={f C~, v i =2fs. 

When we take into account the inertia of the pulley, we 
must add the equivalent mass acting at the cord to the other 
masses set in motion. Let I be this inertia or mass at the cord, 
we have 

P-Q 

J ~ 9 P+Q + Ig 

This is the formula for Atwood’s machine, referred to in the 
article on the third law of motion. The force being uniform, and 
capable of being modified in any manner by changing the relative 
and absolute magnitudes of the weights, we are enabled by this 
machine to prove in the most satisfactory way, by experiment, the 
formulse for constant accelerating forces. 

27. Prop. When a body falls by the action of gravity down any 
arc of a smooth curve, the velocity at any point is that due to the 
vertical height fallen through. 

Let us first suppose that a body falls from 
A down a succession of smooth inclined planes 
A B, B C, CD, D E, &c., and loses no part 
of its acquired velocity' in passing from one 
plane to the next. Draw Abode, a vertical 
line, and Bb, C c, D d, E e, &c., horizontal 
lines. 

By article 22, the body will have at B the same .velocity ns 
it would have acquired in falling directly through the vertical 
height A b ; and when it has passed without loss of velocity to 
the plane B C, it will have at B and all other points the velocity 
due to the vertical height fallen through. The same takes place 
on each of the other planes, and the velocities at the points 
C, D, E, &c. are those due to the vertical heights Ac, Ad, Ac, 
&c. respectively. When the number of planes is indefinitely 
increased, and the length of each indefinitely diminished, they 
form a continuous curve, which, when smooth, acts only perpendi- 
cular to the arc at each point, and therefore destroys by its reaction 


A 
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no part of the acquired velocity as the body passes from one point 
to another. Hence the velocity at all points of the curve is that 
due to the vertical height fallen through. 

If a body he projected np or down a curve, the formula of 
article 12- hold good; if we put «= velocity of projection, v— 
velocity after the body has passed through a vertical height h, 
we have 

v°=u~+2 g h. 

The upper sign to be taken when the body is projected down, and 
the lower one when it is projected up the curve. 

28. Prop. When bodies fall by the action of gravity down 
any arcs of a circle in a vertical plane, the velocities at the 
lowest point are proportional to the lengths of the chords of the 
arcs. 


Let a body fall from the point B in the figure article 25, down 
the arc B D ; the velocity at D is that due to the vertical height 
fallen through C D 

or vcl. 2 =2 gCD 


= 2g 


BJW 

AD 




a B D. 


When the arcs are small, the velocities are nearly proportional 
to the lengths of the arcs. 


29. Prop. To find the time of a body falling down a cycloidal 
arc in a vertical plane with its base horizontal. 


The cycloid is a curve CAD 
described by a point in the cir- 
cumference of a circle, whilst 
the circle rolls along the line 
CBD, called the base of the 
cycloid. The line A B, which 


CBD 
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bisects tbe base CD perpendicularly, is called the axis of the 
cycloid, and is the diameter of the rolling circle when the point 
describing the cycloid comes to its central position A, which is 
called the vertex of the cycloid. 

If a line PpP’ be drawn parallel to the base C D, and Ap be 
tbe chord of the circle in its central position; it is Bhown in 
mathematical treatises, that the arcs A P or A P' are equal to 
twice the chord Ap, and the tangent at P' is parallel to the 
chord Ap. 

Let the body fall from the point L to any point P ; and take 
Q appoint near P. Draw the lines L K, PM, QN parallel to 
the base of the cycloid, meeting tbe axis in K, M, N respect- 
ively. Describe the semicircle AnmK on A K, cutting P M in 
m, QN in n ; and draw the chords Am, An, Km, Kn. Let o be 
the intersection of Kn and Am. 


The velocity -at the point P= V2g .KM, and if the arc P Q 

be indefinitely small, tbe velocity will be constant in it. Hence 

, , • , , n n space arc A P— arc A Q 

the time of describing P Q— f .. = 

velocity VftgKM 

2 x chord of circle ApB correspg to P—2x chor d correspP to Q 
= V2gKM 

2 SAB7AM-2 VAB.AN 

~ s/2fKM 


_ A /2A£( a /A M _ /AN-) 

V g \V KM V KM) 


■V* 


AM.AK / AN.AK\ 

AK.KM v AK.KM ) 


AB ( Am_An 


l Km 


Km 


} 


=v/_ 

= \/ 2 ^ 7i x angle mKo. 
V n 


2AB f 
9 




C since nltimatelyno becomes a cir- 
cular arc to center A 


9 
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The same holds for all other points between L and A; and' 
the whole time of falling from L to A 


■V 


2AB 


x stun of all the small angles, as mKn, in the right 
angle LKA 


=y</~ 


The body acquires in falling to A a velocity which nil] carry 
it through an equal arc on the opposite side of A, which it nil] 
describe in the same time ; or if the time of the complete oscil- 
lation from L to an equal height on the opposite side of A he t, 
we have 


. ./ZAB 
V — ■ 

30. It is shown in ma- 
thematical treatises, that if 
two half cycloids, CO, DO, 
equal to AD or A C, be con- 
structed with their axes ver- 
tical, so that ABO is a straight c 
line and B 0=AB, then the 
curve COD is the evolnte of 
the cycloid CAD ; or a curve 
such that a string of the 
length A 0 being fastened at 
0 and wrapping on the arcs C 0 or D O, the extremity P of the 
string, when drawn tight, will be always in the cycloid CAD, 
the length of the arc Oq+qP being always equal to 0 A. 



If a body be suspended at P upon a cord fastened at O, 
wrapping and unwrapping on the arcs CO, 0 D, it will thus 
oscillate in a cycloidal arc. 


Let /=the length of the cord O A, the time of a complete 
oscillation is 

f = 77\/ 

V 9 


Tins is independent of the length of the arc of the cycloid 
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described, and is consequently the same for all arcs. For this 
reason the cycloidal pendulum is called isochronous , and from 
this property arises the importance of the pendulum in instru- 
ments for measuring time ; for small arcs near A the cord will 
not sensibly k wrap upon the arcs of the evolute, and so a pen- 
dulum oscillating in small circular arcs has the property 6f iso- 
chronism. The clocks in astronomical observatories have their 
pendulums oscillating in . very small arcs, which requires the 
mechanism of the clockwork to be very accurate, or the clock 
would be liable to stop going. 

We learn from the expression t=ir A# that at the same 

place on the earth’s surface, or when g is constant, t « V' / ; 
and at different points of the earth’s surface if l is invariable, 

t a -^= ; so that when the times of oscillation of an invariable 
Vg 

pendulum have been found at different places on the earth’s surface, 
the force of gravity .at those places can be compared. 

31. Prior. A body at the extremity of an elastic cord , sup- 
posed without weight, describes a circle, with a uniform velocity, 
about a fixed point in the cord, as center; to find the tension in 
the cord. 

Let PQAB he the circle in which the body moves, of which 
C is the center. 

If the body were suddenly freed from constraint at any point 
P, it would, by the first law of motion, 
continue moving in the direction it had 
at P, and with its uniform velocity, or 
it would then move in the tangent P R 
with that velocity. The effect of the 
tension in the cord is therefore to deflect 
the body from the tangent at each point 
in the circle, and is called a centripetal 
force. The tendency of the body to fly 
off by its inertia produces the force 
which balances this centripetal force, and is thence called the 
centrifugal force. 
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If P Q be an arc described in an indefinite^ small time t, 
and P R the space which would have been described in the tan- 
gent, if the body were free, in the same time; then I? and Q 
being supposed indefinitely near to P ; ' R Q, by the second law of 
motion, becomes the space due to the action of tjie centripetal 
force. 


Let PCA be a diameter of the circle, v the uniform velocity 
of the body, and draw Q m parallel to R P. 


Let /= the centripetal accelerating force acting on the body; 
we have ultimately 

RQ — Pm 

and PR—vt. 


But in the circle. 


or 


Qrr?=P mxm A 
Q Tip 


Pm= 


m A 


PR 2 

= -p-^i ultimately 




i> e P 

2. PC 


or if r=the radius of circle, 



If m be the mass of the body at P, the ccntrifugnl moving 
force —mf 

* jz* 

r 

= the tension in the cord. 

32. Definition. A body suspended by a cord which per- 
forms revolutions in a horizontal circle is called the conical 
pendulum. 

33. Pkop. To determine the motion of a body in the conical 
pendulum. 
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Let the body be fixed at the ex- 
tremity P of the cord A P which is 
fastened at A. 

Let A C be a vertical line, P C=r 
the radius of the circle which the 
body describes with the uniform ve- 
locity v. 

Let l = the length of the cord 
A P, and angle PAC=ct. 

Since the body is in the same ^ 
circumstances at each point of the 

circle, the forces acting upon it must balance each other. These 
forces are, the weight of the body acting downwards, the centri- 
fugal pressure acting horizontally outwards from 6, and the 
tension in the cord A P. 

Resolving horizontally and vertically, we have 

. • mv* . ... 

fsina — = 0 (1) 

t COBa — Vlff — 0. (2) 

From (2) we have the tension in the cord, i 
_mg_ 
cos a 

_the weight of the body 
cos a 

Eliminating t between (1) and (2), we have 
t-g- ffT-sina 
cos g 
T sin 2 g 
cosg 

The time of performing one revolution 

_ circumference 
velocity 
2 rrrr 
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which depends on the vertical height AC, but not on the length 
of the cord. 

34. Peop, It is required to find the position of the rails in 
the curve of a railway , so that the resultant pressure of a car- 
riage passing along the curve until a given velocity may be per- 
pendicular to the line drawn from one rail to the other 


Viff- 2. 


Let APB represent in figure 1 the 
curve in a railway, and let the radius 
of the curve at P be P C=r. Let v= 
the velocity of the carriage. If the 
reaction of the rails perpendicular to 
the line joining them as a b, figure 2, 
supplies the place of the tension in 
the cord in the last proposition, the 
carriage will pass smoothly and safely 
along the curve; for we shall then 
have the weight of the carriage acting 

at G, the center of gravity, figure 2, and the centrifugal pressure 
acting horizontally outwards giving a resultant pressure perpen- 
dicular to the rails which will be destroyed by their reaction. 



If <* be the angle which the resultant pressure iu Gp makes 
with a vertical line=angle which a b makes with a horizontal 
line, we have, from the last proposition, 

t ?=gr tan a 
. v s 

or . . tan a= — - 

3 T 

which gives the inclination of the line a b to the horizon as re- 
quired. 


EXAMPLES ON CHAPTER V. 

Ex. 1. Two balls fall at the same instant from the common 
vertex down two inclined planes which meet the horizontal 
plane on which the}' rest at angles of 30" and 60°; show that 
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the times of falling to the horizontal plane are in the ratio 

v*8ll. 


Ex. 2. To divide the length of a given inclined plane into 
three parts, so that the times of descent down them may be 
equal. 


If the length of the plane be divided into nine equal parts, 
the body will descend down one in the first interval of time, 
down four in two intervals, and down the whole nine in the 
three equal intervals. 


Ex. 3. P descending vertically draws Q up an inclined 
plane by means of a string passing over a pulley at the vertex ; 
find the velocity acquired by P in describing a given space h. 


Let P and Q be the weights of the bodies respectively, a the 
inclination of the plane to the horizon, h the space w'hich P 
describes ; 


the moving force =P~ Q sin u 

P+Q 

the mass moved, neglecting the pulley, = 


the accelerating force = y , 


P—Q sin a 


P+Q 


and from the general formula v*—2fs we find 


the velocity required= \J 2ff h 


P—Q sin a 
~P+Q~’ 


Ex. 4. Twelve pounds weight is so distributed at the ex- 
tremities of a cord passing over a pulley, that the more loaded 
end descends through seven feet in seven seconds. "What is the 
weight at each end of the cord ? 

TTefind P=6 and Q=6^1- pounds. 


Ex. 5. If three pendulums suspended in the same vertical 
plane have their lengths as the numbers 1, 4, and 9; show that 

M 
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when they commence oscillating together, the first and second 
will be together again after four oscillations of the first; the 
first and third will he together again after three oscillations of 
the first; and the whole will he together again after twelve oscil- 
lations of the first. 

Ex. 6 j The length of the pendulum which heats seconds in 
London being 39T38 inches, show that the force of gravity is 
represented by S2T9 feet nearly. 

Ex. 7. If a body be projected obliquely upon an inclined 
plane, show that its path is an arc of a parabola. 


THE END. 
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Lardner on the Microscope. (From the “ Museum of 

Science and Art.’’) 1 vol. 147 Engravings. 2s. 

Lardner on the Bee and White Ants. Their Manners and 

Habits t with TUnstratloas of Animal Instinct and intelligence. (From the “ Museum of Science 
and Art,”) I vol., with 136 HiustratJons. 2s., cloth lettered. 

Lardner on Steam and its Uses ; including . the Steam 

Engine, the Locomotive, and Steam Navigation, (rrem the “ Museum of Sc cnec and Art.") 2 voi. 
92 Illustrations. 2*. 

Lardner on the Electric Telegraph , Popularised. With 

100 Illustrations. (From the “Mosciim of Sdcncc and Art.”) 12mo., 260 pages. 2s. doth lettered. ■ 
The following Works from “ Lardner’s JJusium of Science and Art” may also be had 
arranged as described, handsomely half-bound morocco, cloth sides. 

Common Tilings. Two Scries In one vol., 7s. GJ. 

Popular Astronomy. Tw o Scries fa one voL, 7s. 

Electric Telegraph wlrb Steam, and its Uses, in one voU 7s. 

Microscope and Popular Physics, fa one vol., 7». - 

Popular Geology, and Itcc and White Ants, lu one vol., 7s. Gd. 

A Guide to the Stars for every Night in the Tear. ■ 

In Eight llanlaphercs. With art Introduction. 6 to. 5j. cloth. 

Minasi’s Mechanical Diagrams. For the Use of Lecturers 

and Schools. 15 Sheets of Uagrams coloured, 15 ■- niu*trating the following subjects:— 1 tnd 2. 
Comp-j-ifloc of Forres.— 3. Equilibrium.^ and 6. Levers. — 0. Steelyard and P.rady balance, aj:d 
Iijohh ItaJance.— 7. Wheel and Arie. — 8. I r. diced Plane.— 0, to, II. ITtfleyi.— 12. Uuates’i 
Sere*-.— 13 a-_*l 14. Toctlxd Wheels-— 15. Combination of tbs Mechanical lowers. 


PUBLISHED BY WALTON AND 1IABERLY. 
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LOGIC. 

De Morgan's Formal Logic. Or, The Calculus of Inference , 

Necessary and Probable. 8vo. fis. Gd. 

Neil’s Art of Lemoning : a Popular Exposition of the 

Principles of Logic, Inductive and Deductive; with an Introductory Outline of the History of 
Logic, and an Appendix on recent Logical Developments, with Notes. Crown 8vo., 4s. Gd., cloth. 


ENGLISH COMPOSITION. 


Neil’s Elements, of Rhetoric; a Manual of the Laivs of 

• Taste, Including the Theory and Practice of Composition. Crown 8vo. * As. GtL, clotli. 


DRAWING. 

Lineal Drawing Copies for the earliest Lnstruction. Com- 

prising' npwnrds of 200 subjects on ‘21 sheets, mounted on 12 pieces of thick pasteboard, in n 
Portfolio. By the Author of " Drawing for Yonng Children.” Gs. Gd. 

Easy Drawing Copies for Elementary Inslmclion. Simple 

Outlines wfthont Perspective. G7 Subjects, in a Portfolio. By tho Author of “ Drawing for Vonnr 
ChaOrcn." Gs. Gd. 

Sold nbo In Ttco StU. 

Set I. Twenty-six Subjects mounted on thick pastebonrd. In a Portfolio. Trice 3s. Gd. 

Set II. Forty-one Subjects tnonuted on thick pastebonrd, In n Portfolio. Trice 3s. Gd. 

Tho Copies nre sufficiently large and bold to bo drawn from by forty or Ally children nt tho sarao 
time. 


SINGING. 

A Musical Gift from an Old Fnend , containing Twenty-four 

New Songs for the Young. By W. E. Hickson, Author or “ Try Again,” and other moral son-s of 
the “ Singing Master,” “ Part Singing." otc. 8ro. 2s. Gd. cloth, gilt edges. 

The Singing Master. Containing First Lessons in Singing , 

and the Notation of Music ; Hndlments of tho Scloncc of Harmony; The First Cla«s Tone Book ; 
The Second Class Tone Book ; and tho Hymn Tune Book. Sixth Edition. 8vo. Gs., doth. 

Sold alto in Five Paris , any of tchich may be had separately. 

I - — First Lessons in Singing , and the Notation of Music. 

Containing Nineteen Lessons In the Notation of Mnsic, os adapted for the Instruction of Children, 
nna especially for Class Teaching with Sixteen Yocal Exercises, arranged as simple two-part 
harmonics. 8vo. Is., sewed. 

II . — Rudiments of the Science of Harmony or Thorough Bass. 

a general View of the principles of Musical Composition, the Nature of Chords 
ana Discords, mode of applying them, and an explanation of Musical Terms connected with this 
branch of the Sdcnco. • 8ro. Is., sewed. 

HI * — The First Class Tune Booh. A Selection of Thirty 

Single and Pleasing Airs, arranged with suitable words for young children. Svo. la., sowed. 

1Y. — The Second Class Tune Booh. A Selection of Vocal 

Music, adapted for yonth of different ages, and arrauged (with suitable words) ns two or three-part 
harmonics. 6 to. Is. Gd. 1 


Y . — The Hymn Tune Booh. A Selection of Seventy Popular 

ITpnn nndTsalm Tunes, arranged with a view of facilitating the progress of children learning to 
ling In partt. 8 vo. Is. Gd. b 


*** The Vocal Exercises, Moral Songs ,and Hymns, with the Music, may also be had, indnled on Cards, 
price Twopence each Card, or Twenty-five for Three Shillings. 
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CHEMISTRY. 

Gregorys Hand-Book of Chemistry. For the -use of \ 

Students. By William Gaeaoar, M.D_lste Professor of Chcmistryln the CnlrcrxirT orEdlnburgb. 1 
Fourth Edition, enlarged and revised. Illastratcd by Engravings on Wood. Complete la one law " I 
Tolome. 12mo. IBs.gloth. ■ . ' j 

*«* Sold also in Two Volumes (separately) as under. j 

* iKoEoasic CiTtatitr. Fourth Edition, very carefully revised and enlarged. Gs. Gd. cloth. 
OnoAXic CnEMUntT. Fourth Edition, very carefully revised and greatly enlarged. 12s., doth. , . 

Chemistry for Schools. By Dr. Lardner. 190 Illustra * 

tlons. large l*2mo. 2s. Gd. ’ 

Liebig's Familiar Letters on Chemistry , in its Delations 

to Physiology, Dietetics, Agriculture, Commerce, and Political Economy. Fourth Edition, revised 
and enlarged with New Letters. Crown 8vo. doth. 7s. Gd. 

Liebig's Letters on Modem Agriculture. Crown 8 vo. 6s. 
Bunsen's Gasomctry ; comprising the leading Physical and 

Chemical Properties of Gases, together with the Methods of Gas Analysis. Translated byDr.Jloscoo 
63 Illustrations. 8ro. 8s. Gd., doth. 

Liebig's Principles of Agricultural Chemistry ; icith special 

Deference to the late ltesca- chcs unde in England. Small Svo. 3s. Cd., cloth. 

Wohler's Handbook of Inorganic Analysis ; One Hundred 

niid Twenty-two Examples, illustrating the mastlmportantproccsicsfurdctmnlnlngtlic Elementary 
, composition of itfnernl Substance. Edited by Dr. A. W. IforrstiN, Professor In the ftoyal College 
of Chemistry. Large 12mo. 

Liebig's Hand-Book of Organic Analysis ; containing a 

detailed Account of the various' methods nsed In determining tlio Elementary composition 6r 
Organic Substances. Illustrated by Woodcuts. I2mo. is., cloth. 

Parnell on Dyeing and Calico Printing. ( Reprinted from . 

PiBtvnx’s “Applied Chemistry In Manufactures, Arts, and Domestic Economy, l?tt.”J With 
Illustrations. 6vo. 7s., doth. 

Liebig's Chemistry in its Application to Agriculture and 

Physiology. Fourth Edition, revised. Svo. Cs. Gd., doth. - ; 

Liebig's Animal Chemistry ; or , Chemistry in its Applica- 
tion to Fhysiolosy and Pathology. Third Edition. Tart I. (the first half of tire wort). Svo. '■ 
Cs. Cd, doth. 


GENERAL LITERATURE. 

De Morgan's Book of Almanacs. With an Index of 

Deference try which the Almanac may be found for every Year, -whether in Old Stile or New, from 
any Epoch, Anrient or Modem, up to A.r>. 2000. Witli means of finding the Day or Full Moon, 
from a.c. 2000 to a.d. 2000. doth lettered. 

Guesses at Truth. By Two Brothers. _ New Edition. 

With an Index. Complete, 1 vcl. small 8 vo. 

Rudall's Memoir of the Rev. James Crabb ; late of South-. 

ampton. With Fortran. Large 12mo. Gs„doth. 

Hcrschell (R. Z7.), The Jews ; a brief sketch of their Present 

I State end future Expectations. Fear. Sro. Is.Gd., cloth. 


wr.mmutn hint*’**, n^nnu ci*rjM. 



